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I'd like to sing a song for you, 
to tell you that I care. 

To tell you that I'm grateful for the 
times that we can share. 

I've been told that in this life 
the friends we have are few 

And I'd just like to thank you 
that the friend I have is you. 

A Participant 
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APPLICATION 



HONORS WORKSHOP FOR MATHEMATICS TEACHERS 
IN GRADES SIX, SEVEN, AND EIGHT 

MfcWgan State UnfrtrcHy 
Junt 22 • July 17, 1987 

1 • Name Social Security No 

2. Home Address Home Phone 



3. School Address School Phone 



Effcjcttfond Hiatory 


tnatHutton 


Oagrva 


War 


Major 


Minor 


Secondary Schoo* 












Undergraduate 












Gradutta 




■ i 









5. Describe your present assignment in your school. 



6. Descnbe ottwr relevant past or present work expenence. 



Lot the mathematics content and pedagogy courses by name that you have completed and 
the grades you earned to prepare you to be a middle grades mathematxa teacfter. 



Content 



8. In what ways have you been involved in in-service activities? 



9. In what ways have you influenced the mathematics program in your school? 



10. What is the name and address of your local newspaper^ 



11. If you art accepted as a participant in the workshop, you will need to select two peers to 
join you in the workshop during the last week, July 1M7. They will receive the same stipend 
and expenses and two hours of graduate credit You will be released from your teaching 
duties during the 1987-88 school year for sufficient time to coach your colleagues as they 
each teach two of the MGMP curriculum units (e.g., one hour each day for twelve weeks). 
Describe the preparations and agreements which have been made to accomplish this. 



My two colleagues are: (Tentative) 

Name (1) Name (2). 

Address. Address - 



Phones (Home)- 
(School). 
Soc. Secunty No. 



Home 

School 

Soc. Security No. 

13 



12 You and your colleagues will be expected to conduct a workshop dunng the summer of 1968 
for at lent twelve teachers for at least five days in your district and possiWy netghbonno 
dWricte. The project will furnish the materials needed for the workshop but all other financial 
nssds muse be provided locally. Ws encourage you to seek some private funding for these 
activities Describe steps that have been taken to provide this workshop. 



We have read botr. Sides of this document and concur with the arrangements as they have been 
descnbed. They have my complete support 



Addftontf Otelrtct Oftar 




a 
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13. Please indicate in a statement below what is important to you in working with students in 
mathematics. What are the most important issues facing you m mathematics education 9 \r. 
what direction would you suggest mathematics education should be moving in the near future 9 



How do you feel about acting as a coach of your peers 9 Descnbe any expenences you may 
have had in this realm. 



The commitments and conditions in this application are accurate and as complete as can reasonably 
be described at this time. 




INTRODUCTION 



Twenty-five outstanding middle grade mathematics teachers were selected by the 
staff of the Middle Grades Mathematics Project (MGMP) at Michigan State University to 
participate in an Honors Teacher Workshop from Sunday, June 21, to Sararday, July 18, 
1987. During the final week of tho encounter, fifty colleagues joined the workshop. The 
participants came from twenty different states and represented a cross-section of the best 
mathematics teachers throughout the nation. 

Among the approximately one hundred applicants who were not selected were 
many very highly qualified persons. It was heartening indeed to learn of many of the 
commendable programs which are in practice and of the talented people who are 
responsible for those programs. Criteria for selection are found in Appendix D. 

A major focus of our workshop was the development of instructional leadership. 
The potential for leadership weighed heavily in the selection process. The effects of the 
workshop will be assessed in a foliow-up poll in September, 1988. Those results will be 
available from the director at that time. 

The participants came knowing very little of what to expect, except that they had 
been asked to work hard. They did so in twelve hour days packed to the brim wita guest 
speakers, field trips, personal interchanges and an intensive immersion in the MGMP 
curriculum materials and project assignments given by workshop director. 

In these proceedings, we have attempted to capture some of the excitement and 
enthusiasm which was ever present. This is, of course, impossible. We do hope, 
however, that the readings become useful to a wide audience. 

William M. Fitzgerald, Director 
Vivian Pedwaydon, Editor 



Mouse & Elephant Unit Challenge 



The mouse stands 6 cm high and the elephant stands 240 cm high. 
How many mouse coats are needed to sew a coat for the elephant? 
How many mice are needed on the scales to balance the elephant? 




Mouse & Elephant Guess Sheet 

The number of mouse coats needed to *ew a coat tor the elephant is 
The number of mice needed on the scales to balance the elephant is 

12 
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A HISTORICAL PERSPECTIVE 
THE MIDDLE GRADES MATHEMATICS PROJECT 



Department of Mathematics 
Michigan State University 



The Middle Grades Mathematics Project (MGMP) repiesents a wide-ranging effort to 
improve the teaching and learning of mathematics by teachers and students in grades six, 
seven and eight This effort includes research on children's mathematics learning, the 
creation of "model" units of mathematics curriculum, the testing of the effectiveness of those 
units, and the inservice education of teachers including two National Honors Teacher 
Workshops for exemplary teachers from throughout the United States. 

Prior to the 1987 workshop, the MGMP was funded by the National Science 
Foundation (NSF) to support two years of research on the improvement of teacher 
effectiveness. 

The philosophy of MGMP mirrors the latest research findings from cognitive science, 
Resnick (1983) summarizes the fundamental view of the learner 

First, learners construct understanding. They do not simply 
mirror what they are told or what they read Learners look 
for meaning and will try to find regularity and order in the 
events of the world, even in the absence of complete informa- 
tion. This means that naive theories will always be constructed 
as pan of the learning process. 

Second, to understand something is to know relationships. Human 
knowledge is stored in clusters and organized into schemata that 
people use both to interpret familiar situations and to reason 
about new ones. Bits of information isolated from these structures 
are forgotten or become inaccessible to memory. 

Third, all learning depends on prior knowledge. Learners try to 
link new information to what they already know in order to inter- 
pret the new material in terms of established schemata. This is 
why students interpret science demonstrations in terms of their 
naive theories and why they hold onto their naive theories for so 
long. The scientific theories that children are being taught in 
school often cannot compete as reference points for new learning 
because they are presented quickly and abstractly and so remain 
unorganized and unconnected to past experience. 
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History of the MGMP 

The origins of MOM? arc found in the dissatisfactions felt by many people in the 
typical mathematics education which was being provned for children in the middle grades in 
the mid-1970's. 

With the frequent calls for "back to the basics", many programs became much more 
skill and drill oriented, often individualized, usually restricted to arithmetic. Students seldom 
had opportunities to study the interesting relationships to be found in mathematics, 
particularly in areas such as geometry and probability. Children in the middle grades are in a 
stage of adolescence where concrete experiences are essential to promote the cognitive 
development of abstract relationships which we wish them to learn. Although there was 
much written and spoken about teaching to develop problem solving skills, most teachers 
have not been trained to teach problem solving skills, nor to teach any mathematics in an 
activity oriented way. 

Given these circumstances, the staff of MGMP found themselves being asked with 
increasing frequency to provide demonstration classes. Thus the staff began to acquire a 
collection of activities which worked well in the middle grades. While studying sixth grade 
children's ability to learn growth relationships, Fitzgerald and Shroyer (1979) developed the 
Mouse and Elephant unit embodying an instructional model which has been incorporated into 
all of the units. Concurrently, Lappan, Winter, and Phillips were developing activities in 
spatial visualization, probability, number theory, geometry and other activities for regular 
classrooms as well as extensive work with gifted student programs. These activities led to 
the funding of five teacher institutes conducted by the MGMP staff. 

From all of these diverse activities, a plan for a proposal emerged to develop the 
curriculum units through a more systematic process. The funding of that proposal made 
possible the Middle Grades Mathematics Project 

The MGMP Units 

Four new units were developed using the existing Mouse and Elephant unit as a 
prototype. The units are described below. 

MOUSE AND ELEPHANT 

If we assume that a mouse grows up to become an elephant, and we know their 
relative heights, how many mice are required to balance an elephant on a balance scale, and 
how many mouse coats can be made from an elephant coat? The unii introduces area, 
perimeter, surface area, and volume and their interrelations during growth. 

14 
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COATTAL VTJ2ITAI T7ATTAW 

This unit involves representing 3-dimensional objects in I;-dimensional drawings and, 
vice-versa, constructing (with blocks) 3-dimensional objects from their 2-dimensional 
representations. Two different schemes for picturing buildings are developed and the 
relationship between the two are explored. The major objectives of the unit are for the 
students to build, draw and evaluate. These three themes are considered in various 
combinations throughout the unit. 

FACTORS AND MULTIPLES 

This unit focuses on the concept of primes, factors, divisors, multiples, common 
factor, common multiple, relatively prime, and composite. Since little in the way of 
computational skill is involved, students can discover these relationships by solving a variety 
of problemj and at the same time develop their problem solving skills. They also acquire a 
language for reading and discussing mathematics. The calculator is used extensively. The 
study of fractions can follow naturally from this unit, since a sound understanding of factors 
and multiples is a prerequisite for understanding an operation on fractions. 

PROBABILITY 

This unit makes extensive use of children's interest in games to promote understanding 
of probability. Students continually make hypotheses and support conclusions. This unit is 
pertinent to the middle grades because it provides a sound understanding of the concept of 
fractions, equivalent fractions and comparison of fractions. 

SIMILARITY 

The concept of similarity is gradually developed through several concrete experiments. 
As a result students also gain a sound understanding of indirect measurement, scale drawing, 
scale models, and the nature of growth. Similarity provides an excellent opportunity to build 
more geometric meaning into the idea of equivalent fractions. 

Development of the Units 

Each unit was developed through an extensive and elaborate process which required 
approximately one year. Two units were developed each year. The steps for the 
development of a unit are as follows. 
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L The staff determined an important collection of related mathematical ideas 
which were inadequately taught in the middle grades. 

2. A set of activities were collected or developed by 'he staff and tried in 
classrooms to determine the effectiveness and desirable sequences of the 
activities. 

3. On the basis of these experiences, a preliminary teachers guide was written. 

4. A two-week Summer Teaching Institute was conducted at a local middle school 
consisting of forty middle school students, eight affiliated teachers and the project 
staff. The affiliated teachers observed the staff teach the units to the students, then 
joined in a critique of the materials, the pedagogy, and any other matters of 
concern. Items for the unit tests were also generated during these discussions. 

5. After the Summer Institute, the units were rewritten by the staff and subsequendy 
taught by the affiliated teachers and some of their colleagues. 

6. On the basis of the teaching by the affiliated teachers, the units were re-written and 
taught by a large number of teachers with no previous exposure to the project. 

The final evaluation results are found in the final report and in three doctoral dissertations 
listed below. 

Characteristics of the Units 
Each unit 

* is based on a related collection of important mathematical ideas, 

* provides a carefully sequenced set of activities which lead to an understanding 
of the mathematical challenges, 

* helps the teacher foster a problem solving atmosphere in the classroom, 

* uses concrete manipulatives, where appropriate to help provide the transition 
from concrete to abstract thinking, 

* utilizes an instructional model which consists of 'hree phases... launching, 
exploring and summarizing, 

* provides a carefully developed instructional guide for the teacher, 

* requires two to three weeks of instructional time. 

The goal of the MGMP materials is to help students develop a deep, lasting 
understanding of the mathematical concents and strategies studied. Rather than attempting to 
break the curriculum into small bits to be learned in isolation from each other, MGMP 
materials concentrate on a cluster of important ideas and the relationships which exist among 

L6 
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these ideas. Where possible the ideas are embedded in concrete models to assist the students 
in moving from this concrete stage to more abstract reasoning. 

The Instructional Model: Launch. Explore and Summarize 

Many of the activities are built around a specific mathematical challenge. The 
instructional model used in the units focuses on neiping the students solve the mathematical 
challenge. The instruction is divided into three phases. 

During the first phase the teacher launches the challenge. The launching consists of 
introducing new concepts, clarifying definitions, reviewing old concepts, and issuing the 
challenge. 

The second phase of instruction is the class exploration . During the exploration the 
students work individually or in small groups. The students may be gathering data, sharing 
ideas, looking for patterns, making conjectures, or developing other types of problem 
solving strategies. It is inevitable that students will exhibit variation in progress. The 
teacher's role during exploration is to move about the classroom observing individual 
performances and encouraging on-task behavior. The teacher encourages the students to 
persevere in seeking a solution to the challenge. The teacher does this by asking appropriate 
questions, encouraging and redirecting where needed. For the more able students, the 
teacher provides extra challenges related to the ideas being studied. The extent to which 
students require the teacher's attention will vary as will the nature of attention they need, but 
the teacher's continued presence and interest in what they are doing is critical. 

When most of the children have gathered sufficient data, the class returns to a whole 
class mode (often beginning the next day) for the final phase or instruction, summarizing . 
Here the teacher has an opportunity to demonstrate ways to organize data so that patterns and 
related rules become more obvious. Discussing the strategies used by the students helps the 
teacher to guide the students in refining these strategies into efficient, effective problem 
solving techniques. 

The teacher plays a central role in this instructional model. First the teacher provides 
and motivates the challenge and then joins the students in exploring the problem. The teacher 
asks appropriate questions, encouraging and redirecting where needed. Fnaliy, through the 
summary, the teacher helps the students to deepen their understanding of both the 
mathematical ideas involved in the challenge and the strategies used to solve, it. 

17 
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To aid the teacher in using the instructional model a detailed instructional guide is provided 
for the activities. The preliminary page contains a rationale, goals for the students, an 
overview of the main ideas and a list of student activity sheets, materials and transparencies. 
Then a script is provided to help the teacher teach each phase of the instructional model. 
Each page of the script is divided into three columns: 



Teacher Action 



Includes 

Material needed... 
Display on overhead... 
Explain 
Ask... 



Teacher Talk 



Includes 

Important questions 
which are needed to 
develop understandings 
and problem solving 
skills. 



Expected Responses 
Includes 

Conw responses 
responses with 
suggestions for 
handling these. 



At the end of each activity are black and white copies from which transparencies and 
student activity sheets can be made. Answer sheets are also provided. 

This instructional model has been used successfully to structure the Elementary 
Science Study, Peas and Particles unit in a manner helpful to elementary teachers. (Beaver, 
1982). 

The Honors Teacher Workshop - 1984 

Twenty-five middle grade mathematics teachers from sixteen states were selected by 
the MGMP staff to participate in an intensive nineteen-day workshop on the campus at 
Michigan State University during November and December, 1984. Funding for the 
workshop came from NSF. 

To be considered, a teacher had to be nominated by their principal and two colleagues. 
Their district had to agree to provide a paid leave of absence for the teacher and also to 
develop specific prior plans to use that .eacher as an instructional leader upon return. 
Approximately 130 appli cations were received from 31 states and provinces. 

While in the workshop, the teachers heard a variety of guest lecturers, studied the 
history of important mathematical problems, took field trips, examined 
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contemporary curriculum materials, and exchanged ideas among themselves. They received 
six quarter hours of graduate credit in mathematics education. 

Much workshop time was used to familiarize the teachers with the MGMP units. 
When they left the campus they took with them a complete set of the materials needed to 
begin teaching the units in their classrooms immediately. 

A published copy of the Proceedings of the MGMP-HTW- 1984 workshop is available 
from MGMP. 

MGMP * Phase II 

In the evaluation of the MGMP materials the staff focused on student content gains as 
a measure of the success of the units. Affiliated teachers were used in the development stage 
of the materials to help improve and refine the units both in terms of content and in terms of 
the teaching model. These teachers also helped generate questions for the tests designed to 
evaluate each unit The major vehicle for this interaction between the affiliated teachers, t.ie 
staff and the materials was an intensive two week half-day session where the staff taught the 
units to children, with the teachers observing and assisting, followed each day by a reaction 
session. The staffs observations were that these affiliated teachers were much more 
succe c sfui in implementing the units into their classrooms in the true spirit of the instructional 
model than were the teachers who only received two to four hours of workshop on the unit 
before teaching it In addition, many of the affiliated teachers seemed to transfer the teaching 
model in some ways into their teaching direr the experience w*th MGMP. Many of them 
have talked to the staff about ways in which the summer experience and the follow-up of 
leaching the units changed the way in which they thought about teaching and about students. 
Some of these teachers mentioned the colieagial relations with other teachers and the staff as 
being an essential pan of what they considered as the best in-service experience they have 
had. 

In ail there were approximately 50 teachers involved in the evaluation of the units. 
Informal comparison between the 16 teachers involved in the intensive two-week sessions 
and those who only had 2 to 4 hours of workshop prior to implementing the units has 
convinced the staff the full elaborated training system - - theory, demonstration, practice and 
feedback -- advocated by Showers (1983), holds the most promise for implementing the 
units. The additional component, coaching, seemed necessary to achieve a transfer of the 
teaching model and its relevant skills into the teachers' repertoires. 
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In the tv 'O-year study we designed instruments needed to collect daia and evaluate the 
effects of thr,e models of implementation: a fully elaborated training system (9 teachers), a 
fully elaborated training system plus a coaching component (8 teachers), and a fully 
elaborated training system with a coaching component conducted by peer teachers (3 
teachers). 



Levels of Tmpact 

Within the research design, the staff has attended to the potential levels of impact of 
training as described by Joyce and Showers (1980). 

* Awareness - At the awareness level we realize the importance 
of an area and begin to focus on it With inductive teaching, for 
example, the road to competence begins with awareness of the 
nature of inductive teaching, its probable uses, and how it fits 
into the curriculum. 

* Concepts a nd Organized Knowledge - Concepts provide intellectual 
control over relevant content Essential to inductive teaching are 
knowledge of inductive processes, how learners at various levels 

of cognitive development respond to inductive teaching, and 
knowledge about concept formation. 

* Principles and Skills - Principles and skills are tools for 
action. At this level we learn the skills of inductive teaching: 
how to help students collect data, organize it, and build con- 
cepts and test thenx We also acquire the skills for adapting to 
students who display varying levels of ability to think inductively 
and for teaching them the skills they lack. At this level, there is 
potential for action - we are aware of the area, can think 
effectively about it, and possess the skills to act. 

* Application and Problem Solving - Finally, we transfer the 
concepts* principles, and skills to the classroom. We begin to 
use the teaching strategy we have learned, integrate it into 
our style, and combine the strategy with the others in our 
repertoire. 

Only after this fourth level has been reached can we expect impact on the education of 
children. 

The minicourse, demonstration sessions, and defiled teachers' guides to the MGMP 
units address very specifically the first three levels of impact. The provision for practice with 
and without coaching should help answer the question of how much and what kind of help is 
needed by teachers to integrate a new instructional model into their repertoire, that is to reach 
the stage of application and problem solving. 
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MGMP : Honors Teacher Workshop - 1987 

Twenty-five middle grade mathematics teachers were selected from twenty states by 
the MGMP staff to participate in an intensive thirty-day workshop on the campus of 
Michigan State University during June and July, 1987. The twenty-five participants were 
joined by two of their colleagues for the final week of the workshop. 

To be considered, a teacher had to be nominated by their princip* 1 and two colleagues. 
Their district had to agree to provide for support of a workshop to be conducted by the 
participant and colleagues involving a minimum of twelve other educators. Approximately 
100 applications were received from thirty-six states. 

While in the workshop, the teachers experienced twelve hour days packed with 
instruction, presentations, collcgial teams, lectures, and field trips. Many hours were spent 
exchanging ideas, sharing enthusiasm, and experiencing exhaustion. The twenty-five 
participants received six quarter hours of graduate credit in mathematics and their colleagues 
received two. 

Participants and colleagues left the workshop familiar with the MGMP units, a 
complete set of MGMP curriculum materials, a repertoire of new ideas, satisfaction, 
excitement and alive with anticipation for the changes they perceived for the coming school 
year. 

Follow up will include visitations from the MGMP staff, surveys, and continued 
communication between participants, colleagues and educators throughout the nation. 
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CRITICAL ISSUES IN MIDDLE SCHOOL MATHEMATICS 



GUnda Lappan 
Michigan State University 



Across the nation, mathematics teaching is undergoing intensive scrutiny. A decade 
of declining pupil performance on standardized mathematics tests, poor comparative results 
on International Studies of Mathematics Education, increasing attrition from the mathematics 
teaching ranks, and reassignment of teachers to fill mathematics teaching positions have 
fueled increased criticism of the quality of mathematics instruction being given our nation's 
youth. At the same time an explosion of scientific and technological knowledge has 
increased public awareness of the importance of mathematics education in preparing young 
people to live and work in the society of the 1990's and beyond 

In this atmosphere of increasing public demand for accountability of schools and 
teachers for the effectiveness of mathematics instruction, many groups have published 
reports which demand that the public share in the accountability we owe to our youth. These 
reports call for a significant transition of teaching from an occupation with a nature, 
organization and status that has changed little since the middle of the nineteenth century to a 
genuine profession with ail the emerging rights and responsibilities that that entails. The 
public is being asked to reward good teaching with higher pay - sufficiently high to attract 
outstanding young people to teaching and with respect and status due those persons within 
our society who make a genuine professional commitment to teaching. Your presence here 
indicates that you are one of those committed professionals - - one that is looking for 
stimulating ideas - - for ways to make your teaching more effective. I am sure that you will 
find many. 

I would like to share with you some of the emerging data from the Second 
International Mathematics Study (SIMS) and other studies on an international scale that can 
help us to stand back, look at our curriculum and identify areas of concern. 
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The SIMS study has been ten years in the making. Ten years from the establishment 
of the international study group, through the development of instruments, selection of 
students, gathering of data, analysis and finally the first report to the Nation released in 
Washington onJanuary 14, 1987. The SIMS study identified two populations, 8th grade and 
12th grade, as the subjects of study. Eighth grade because it is the end in some countries of 
"compulsary mathematics" and tweivth grade as the end of the public school education. This 
allows us tolook at how well we are doing in grade 8 with ail students and in grade 12 with 
those students who are still taking mathematics and are college bound possibly in science, 
mathematics, or engineering. 

J have selected data from the study that speaks to our concerns today. The first tables 
show us the achievement of U.S. students in 8th grade in four of the five areas tested As 
we can see the U.S. is in the middle of the pack in arithmetic and algebra performance and in 
the bottom quarter on geometry and measurement 




Eighth grade achievement scores in arithmetic and algebra for twenty 
countries show the U.S. to be in the middle group. Note, however, that 
countries in the middle rsrge of achievement had very similar scores. 
Therefore, the ranking of those countries would be affected substantially 
by a change in score of only a few points. 

From: The Second International Study of Mathematics 
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Eighth grade achievement scores in geometry and measurement 
for twenty countries show the U.S. to be well below the 
international average, among the lowest fourth of participating 
countries in both topics. 
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Now let's look at the twelvth grade achievement. Remember that these are the advancqj j, 
students, the best and brightest mathematics students. 




{Advanced) Algebra 





Population B (Twelvth Grade) achievement in algebra and elementary 
functions/calculus for fifteen countries shows the U.S. to score among 
the lowest fourth of participating countries. Much scientific and 
♦echnical work, in college and elsewhere requires competence in 
these basic areas of mathematics. 
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fiSSSHSS the population at grade 12 varie s in selectivity across the countries in the 
Study a comparison was made of the top 1% and top 5% nf the a gft g roup in each country 
The results showed that the U.S. came out as the l owest of anv country for which data wa<; 
available. The algebra achievement of our most able students , w^ s lower than anv other 
country. In function and calculus the top 1% of U.S. students exceeded only British 
Columbia (and by a very few points). But calculus is not even included in the curriculum in 
British Columbia. 
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In order to get an idea of fit of the tests used to the curriculum taught "opportunity 
to learn" data was collected Let's look at algebra and geometry in grade 8 and advanced 
algebra grade 12. 




Intensity of mathematics instruction at ttw Population A level leighth grade 
in the U.S.), based on teacher reports of anticipated percentage of class 
periods devoted to varfous topics, shows distinct patterns across countries. 
The Japanese curriculum provides their seventh graders with an Intensive 
introduction to algebra. The Belgian and French programs focus on geometry 
and extensive work on common fractions (decimal fractions were dealt with 
in the elementary grades.) Correspondingly dramatfc growth in achievement 
during the school year takes place for these topics in Japan, France and 
Belgium. By contrast, the U.S. curriculum has little intensity, with little 
sustained attention paid to any aspect of mathematics. 
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Patterns of intensity of mathematics instruction at the Population 8 level 
(twelvth grade college preparatory mathematics In the United Slates), 
based on the anticipated number of class periods devoted to various topics, 
highlight a distinct focus on calculus in Japan, with considerable attention 
paid to the subject in Belgium and New Zealand, as well. British Columbia 
provides an intense approach to algebra, but does little with calculus, in 
the United States, coverage appears to be spread over a variety of topics, 
with little concentrated attention devoted to any (with the exception, of 
course, of theAdvanced Placement Calculus Program, not reflected here), 
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Four dramatically different eighth grade mathematics programs are pro- 
vided students in the United States, as this figure suggests. Students in 
remedial classes are offered content that Is predominantly arithmetic. 
The typical eighth grade program has a sltghtly greater exposure to 
geometry and considerably more coverage of algebra than offered to 
remedial classes. Enriched classes recetve still more algebra and less ex- 
posure to arithmetic. The Algebra classes are provided a great deal of 
instruction in algebra - usually a standard high school freshman algebra 
course. Statistics receives scant attention in any of the four programs. 
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One of the explanations for these achievement results that one often hears is "yes, but the 
Japanese go to school 5 1/2 davs a week for 240 davs c ompared to our 5 dav weyft | ^ fay 
school year ". This is true, but it does not reflect the correct picture. The Japanese students 
only attend mathematics classes 3 days a week! The comparative times are 144 hours per 
year in the U.S. allocated to mathematics versus 102 hours per year in Japan. However, 
there is another joker. Of that class time in Japan over 90% is spent on mathematics 
compared to just over 60% in this cou^cry. 

Two other studies focusing on a comparison of Japan, China and the U.S. give us 
additional cause for reflection. These studies (based at the University of Chicago and at the 
University of Michigan) show us some real differences in instruction in the three countries. 
One thing stands out for me as being very relevant to our concerns today. It is not unusual in 
Japan or China for a mathematics teacher to spend the entire clas s period discussing one fves 
I said one!) problem with his/her gtiirfenf*. The problem will be presented first in a word 
setting and then analyzed from many different points of view . Different strategies for 
SPlUQOn will be diSgUSSgl Different problem settings for the same mathematical model will 
j?C lOQkcd at* The over all picture that emerged is one of in-depth studying of a much more 
focused set of related topics. 

Looking at the SIMS Data reminds us that whether directly or by default school 
mathematics programs make decisions about the following issues: 

What mathematics will be taught 

To what level of understanding 

To which students 

In what way 

To enable them to do what 
To be evaluated how 

We are presently facing critical decisions relative to each of these issues. Mathematics at the 
middle grades is not serving many of our students well. We can look at the Second 
International Study Data, or our own National Assessment of Educational Progress data. We 
can listen to the business community. We can observe the users (or non users!) of 
mathematics around us. We all have our horror stories about store clerks doing arithmetic. 



One of my favorite is the clerk who sold me 4 pairs of hose each costing $2.98, Sh 
wrote down 

$2,98 
$2,98 
$2.98 
$2.98 



and added the column very laboriously from top to bottom. Then to my amazement sh* 
wrote $2.98 down four times again • but this time added from bottom to top. Producing the 
same number both times she turned to me and said, "I hope I got this right" I said, "yes, 
that's correct It is $12.00 minus 8 cents - - $11.92. ,, Her response - said with a fair 
amount of indignation - - was, "how did you know that?" That is a good question. I 
certainly was never taught or encouraged to think about numbers in that way in school. 

There are two other ways to know that many students axe failing to learn mathematics. 
Look at the entering freshman at many universities and most importantly of all, spend time 
in schools with students in mathematics classes. 

We do seem to be standing at a time when we have public attention for school 
mathematics. We have to collectively look to the future and do our very best to chart a 
course (complete with processes for course corrections) for school mathematics that has real 
promise to make mathematics accessible, usable and empowering to kids. The time for 
action is now. The class of the year 2000 enters school this fall. 

I would like to look at each of the kinds of decisions we face and talk about the critical 
issues surrounding these decisions. 

WHAT MATHEMATICS WILL BE TAUGHT 
NUMBER 

Number systems/propcrties/stnictunc 

Operations 

Ratio and Proportion 

Number Theory 

MEASUREMENT 

Segments, plane regions, space regions 
Angles, liquid measure, mass (weight) 
Scales (tinxv temperature) systems of 
measurement 

PROBABILITY/STATISTICS 

Planning, garner, organizing and using data 
Decision making (description-inference) 
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You have integrated the new concept, idea, etc. into your knowledge base so 
tint you can use the new understanding in a creative way - - you can talk 
about it You can see its relation to other things you know about You can 
represent it in different ways. You can "think" with it You can visualize it 

The other thing we must keep in mind is that we never reach a stage when we cannot 
add new shading or dimensions to our understanding of a concept or idea in mathematics. 
We should expect a middle school student's "understanding" of function to be quite different 
from a college math student or a mathematicians. But we must strive for creating a 
classroom situation in which "understanding" is the goal. 

The following diagram illustrates how my colleague Elizabeth Phillips and I think 
of the process leading to understanding. The concrete-picture - symbol interaction in all 
directions is at the heart of teaching for understanding. Verbalization provides the specific 
means and evidence for moving from one to another. 

PICTURE 



CONCRETE 




SYMBOL 



TEACHING FOR UNDERSTANDING 



TO WHAT LEVEL OF UNDERSTANDING 
Skills 
Concepts 
Applications 
Problem Solving 
Creation of new knowledge 

Another aspect of this level of understanding is that we need to stretch students in 
mathematics to see themselves as creators or constructors of knowledge. Marilyn Bums 
recently sent me a copy of an article written by Eleanor Duckworth entitled "Having a 
Wonderful Idea" - My goal is to help middle school students have wonderful mathematical 
ideas. 

TO WHICH STUDENTS 

All the students deserve to see the richness, beauty, and utility of mathematics. 

We have many myths to be overcome... 

* You can't do that! These students don't know their basics yet! 

* They aren't old enough. 

* They can't think abstractly. 

* They don't need manipulatives or concrete experiences. 

* There is not enough time. 

* It is not in the textbook/It is not important 

We must see that while it is not spoken out loud, mathematics is a filter just the same. 

These 

students are poor or minorities or women. 

Our answer must be that all students deserve an opportunity to learn, not just 
computation, but all spects of mthematcs described earlier. One of the things that emerged 
from the SIMS data was a picture of the differentiated curriculum in eighth grade in this 
country. We smsi provide opportunities to learn to all students - recognizing that we have a 
responsibility to provide for students that are interested, talented or truly gifted in 
mathematics and for students that have learning problems. 
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Now let's consider - 
IN WHAT WAY 



Technology of the Classroom 



Textbooks; other printed material 

Calculators 

Computers 

Video Discs 

Concrete Manipulatives 



Organization 



Group work 
Individualization 



Experiences 



Oral discussion 
Writing, listening, observing 
Projects, investigations 
Problem solving, applications 



The present technology of the classroom is limited almost exclusively to textbooks. 
We must explore other technologies such as calculators, computers, manipulatives, video 
discs and others, yet to be invented ways to help students learn mathematics. 

Undemanding is enhanced by opportunities to discuss, describe, evaluate, conjecture, 
and validate. Group work, projects and written reports should be a part of mathematics 
classrooms. We must provide opportunities. 
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TO ENABLE STUDENTS TO DO WHAT.,, 
Count, compute 

Mental computation 
Estimation 
Counting principles 

Calculators, computers 

Measure 

Comparison 
Cover and Count 
Fill and Count 
Successive approximations 
Scales and scaling 
Formal systems 

Compare 

Equal 

Less than, greater than 

Mode' or represent 

Algebraic, arithmetic (symbolic) 
Geometric (graphical) 
Probabilistic, statistical 
Physical (concrete) 
Algorithms 

Reason 

Inductively 
Deductively 
Generalizing 
Extending 
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These descriptions of student actions are the heart of a changing view. Of what students 
need from mathematics to the productive citizens in the 21st century. These processes and 
products of mathematics are all the tools of problem solving — the major goal of 
mathematics. 

AND TO BE EVALUATED HOW 

Standardized tests 

Teacher tests 

Questions asked and student responses. 

My main message here is that much evaluation should take place through teachers questions 
and student responses in classrooms! We must eet smarter about evaluating our goals. The 
responsibility is ours as professionals to help our students learn mathematics. Evaluation is a 
tool to help us accomplish this goal. 

Let me summarize my remarks today. We have ample evidence that our present 
mathematics curriculum is not serving our students well. In order to build a better 
mathematics curriculum we must consider critical issues that we deliberately or by default 
make decisions about relative to our mathematics programs: 

What mathematics will be taught 

To what level of understanding 

To which students 

In what way 

To enable them to do what 
To be evaluated how. 
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DESTROYING BOXES 



John Masterson 
Michigan State University 

At lunch, sitting with teachers in the early part of a workshop in Flint, there were two 
different remarks that I find very difficult to deal with. One concerned the amount of 
mathematics a teacher "needs to know" or ought to know or wonld be helpful to know. The 
other was about a teacher listening to a professor that was so smart that the teacher didn't 
understand a word the professor was talking about. Comments continued One question 
was, "why do I want to study all these ridiculous things like group and ring theories?" It's a 
good question. It's the whole question of what should teachers know before they begin 
teaching. 

One reason that this is a difficult question is because we moralize over things. 

Td like to talk about this somewhat uncomfortable topic without moralizing. As you 
know, we have different skills and have been educated in different ways. If you put me in 
front of a middle school class for two or three weeks in a row, dealing with the sane kids, 
and dealing with teaching on a day-to-day basis, I'd probably be bananas at the end of the 
first week. The parents would be calling up and the kids would be crazy. Of course if you 
were asked to lead discussions on group and ring theories or other mathematics that I know, 
you would go through the same uneasiness. 

I'd like you to consider the concept that a lot of education in a lot of areas does good 
things for Jrids. 

Two years ago, I gave a talk to middle school teachers. It was somewhat interesting 
but I also found it disappointing. I talked about children and mathematics and relevance of 
history of mathematics in teaching. I talked about the following boxes 
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BASIC COMPONENTS 



Psychological 

Historical 

Theoretical 



I brought this here so I could rip it up and throw it away because it doesn't do anything that I 
want it to do. This is what I mean about destroying boxes. The teaching I do at the 
university fits the box very well. I mean I stuff boxes as well as anybody. When I teach 
calculus, I have to. We all use books that are big learning destroyers. We dc^croy learning 
with uniform examinations and routine ideas and talk, talk, talk. 

! found that stuffing a box dot- not work with middle school kids. It's easy to keep 
college kids interested because they know they're going to get a grade. It may be unclear 
what you're teaching them, but they do shut up and listen. When teaching middle school 
kids on Saturday morning, I found I could drop an idea in front of these ten to twelve kids 
and let them go in many directions, instead ot trying to keep them in the box of learning I had 
prepared I decided that I could be a guide. Of course, being a guide really does make 
sense, but it takes a lot of work. First, we have to know a lot about the mathematics; 
second, we must be willing to learn a lot about kids; and third, we must be flexible enough to 
go in directions hat we may not have thought of. 

Before I move into the area where the kids start experiencing abstract thinking, say 
from arithmetic to algebra, I would like to read a quote from the marvelous mathematician 
philosopher, David Hawkins. He's talking about his ideal teacher in a paper called "Nature, 
Man, and Mathematics". He says, 

"for such a teacher a limiting condition in mapping a child's thought 
into his own is of course the amplitude of his own grasp of those 
relationships in which the child is involved His mathematical domain 
(meaning the teachers) must be ample enough or amplifiable enough 
to match the range of the child's wonder and curiosity, his 
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operational skills, his unexpected ways of gaining insight But a 
teacher of children of the kind I postulate must be a mathematician - 
what I would call an elementary mathematician, one who can at least 
sometime sense when a child's interests and proposals, what I have 
called his trajectory, are taking him near to mathematically sacred 
ground" 

I like most of that. Perhaps I'm not really big on the word "saved" but I do think 
mathematics includes areas where something profound is going on and places where ycu can 
see something profound going on. 

Now let's consider where our middle school kids start experiencing abstract thinking. 
I would like to share with you some ideas on sequences, factoring algebra symbolism and 
some particular interest: in the history of mathematics. 

Before we talk about content, we should remember that kids invent fantasy worlds 
quicker than we do and they are willing to invent fantasy numbers quicker than we do. We 
also need to keep the atmosphere as non threatening as possible and try to realize what mode 
of learning they are bringing to the study of mathematics, which of course is very concrete. 

Let's look at some interesting problems. 

First, find all primes in a sequence of numbers one less than a square. The sequence 
would be: 

3, 8, 15, 24, 35, 48,... 
Take a look at it See what interesting thing you see. What you'll find is that many students 
will give you interesting relationships, often not about primes. You are looking for the fact 
that you will not generate another prime after 3. Kids will say they all factor. As a matter of 
fact the kids came up with the idea that each number factors with one above each number and 
one below each number. 

Another idea would be to work with a whole unit on factoring. We could get into 
topics like least common multiple, greatest common factor, fractions as factors, many games, 
complex numbers, square roots, the distributive law and a whole fantasy world of symbols. 
There are some wonderful problems to give kids on square vooks and imaginary things. 

We could also look at geometric representation for algebraic formulas. We can make 
pictures of ideas of the distributive property. 

Example: (1) a(b + c) = ab + ac 

a ab ac 
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The figure clarifies the algebraic formula. Then we might ask if anyone can draw a picture of 
a 2 - b 2 . For sort of an extra credit problem. We could include a historical perspective about 
an Arabic solution of a quadratic equation. Now Arabic mathematicians did not have a 
process for moving the number to the right or to the left Let's do this problem. 



Arabic Solution 

(a) Divide the rectangle into 4 equal rectangles 
of length 14/4 and width x and attach as in 
2nd picture. 

(b) If you add the comer squares, von gar a 

14 2 

large square and you have added 4(— ) to aisa. 

(c) So large square has aB3 20 + 4(^) 2 . 
But side length of large square is 

(d) So x + 2(~) *^20 + " 
hence x 
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-2(~) +\/20 + 4(14/4) 2 , 
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What I'd like to end with is the suggestion that if you get a chance to study 
factorization, mathematical structures, or ring theory, do so. Remember it is certainly helpful 
to understand more than you expect to teach to your children. 
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SOME ISSUES IN TEACHING SECONDARY MATHEMATICS 



NeilA.Pateman 

University of Georgia 
(Visiting from Deakin University, Australia) 

There are of course many problems in the teaching of junior secondary mathematics 
which could form the focus for our discussion today. For example, it is possible to consider 
three general areas: 

the problems of instructional procedures 

the problems of evaluation 

the current issues. 

I am personally much more interested in the last of these three categories but we may 
manage to focus on the other two as well. 

Tiie problems of teaching secondary mathe:natics are undeniably complex. This is 
especially so if one chooses to believe Lhat teaching is more than ensuring that students are 
exposed to specified content, tested on that content and then exposed to some more specified 
content Here is a caricature of teaching mathematics: 

"You put thirty kids in the same box at the same time each day 
with the same teacher for forty minutes at a time. They all use 
the same textbook, often not of the teacher's choosing, they 
are supposed to cover the same material at the same rate, do 
the same tests at the same time with the same ideal performance 
expected of each of them. At the end of the allotted grading period 
we tell some of them that they are not good enough and shrug our 
shoulders". 

One way to begin is to decide an answer to the question: What is the main task of the 
teacher of secondary mathematics? Some related problems which easily come to mind are: 

Problems of content: 

Who should decide what mathematics should be taught? What should be 
the basis of the decision? 

How will new mathcL>atics find its way into the schoolroom? (e.g. 
discrete mathematics). 

Should children use calculators and computers? If so, when? 
How often? 
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Problems of management: 

How should particular students be selected for particular 
classrooms? 

How can teachers ensure that students come to appreciate 
mathematics? 

Responsibility for learning mathematics; teacher's or student's? 
It is of course to broaden this set of issues considerably: 

Is there a place for research in mathematics education? Is there only a dissemination 
problem or is it that the teacher can make little sense of the research process, or of the 
significance of findings for their practice as teachers? 

Why do we have schools? To prepare children for society? How is this to be done? 
What are the assumptions we make about society and about children? (Perhaps we need to 
better prepare society for clrildren!) 

Why do we have mathematics? What should children know? What should teachers 
know? 

Often in the research we find the comment that performance of children on a problem 
or pan of the curriculum is unsatisfactory: what ?s the basis of such statements? There is the 
constant urge to do better why is it presumed that this is possible? Why is it presumed that 
it is desirable? 

What are the underlying assumptions about the nature of mathematics and teaching that 
drive most curricula? 

If these problems or issues do not whet your appetite how about these: 

Bow does one become a better teacher of mathematics? 

Is there anything to the gender issue in mathematics education? 

Where is the best place to learn to teach mathematics, in college or in a 
school? 

Does inservice do anything for the quality of teaching? What is the 
best form? 

Are teachers tcchr ; cians administering a ready-made package? Should 
they be? Are there any other possibilities? 

How do we know that a lesson has been successful? Is it possible to 
decide that a whole course has been successful? * Vhat basis should 
we use? 
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Is die problem of control in classrooms qualitatively different in 
mathematics classes? 

What axe the sources of these difficulties? Any solutions? 

Is there a difference between "real" mathematics and "school" 
mathematics? 

Will mathematics teaching ever be a profession? What would be 
needed? 

How should we assess students in mathematics classes? Is this 
different from evaluate .? 

However what can be said is that most teachers share one or two particular views 
about the nature of mathematics; it already exists, or it has to be created; either way there are 
necessary skills to be practiced, the important thing is to get right answers. The process of 
mathematising is often seen as unimportant, teachers complain that they don't have time to 
allow such a process. ^ 

So I ask the consequent question: 

,r What does it mean to know mathematics?" 

Do I "know' 1 mathematics if I know the rules of the game? 

Do I "know" mathematics if I understand the logical steps which take us from one 

line in the argument to the other? 

The first of these questions is answered in the affirmative by those who think that 
mathematics is a formal symbol system which is internally consistent and created by men 
(and women, I hasten to add!) Formalists see no need to have anything to do with the "real 
world" whatever that is! 

The logicist answers yes to the second question. 

Another fundamental question is: 

"Where does mathematics come from?" 

Essentially there are three answers, 

i it is invented in the minds of people, 

ii it is discovered because it is already there, 

iii it is a social product which results from what might be described as 
matfiematical experience. 
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The first two of these seem to be unable to be reconciled; however the third is 
compatible with both! We first invent and then the objects invented take on an independent 
existence for those who have already constructed the idea of them. For example it is not 
common to meet the cube root of two walking down the street; but it is possible to talk about 
the properties of such a numxr with another person who has formed the same concept That 
is, we construct elements of a mathematical universe and can then agree about the meanings 
and relevance of the elements in that universe. The objects we envisage may well have 
properties that we do not know but which can be determined by another person, and then we 
can agree about the veracity of such claims. So there is invention and then other properties 
are discovered after a kind of admission into the universe! 

My reason for dwelling on the nature of mathematics is a conviction that the teacher of 
mathematics should have some idea about the nature of the mathematics, because it is 
possible to teach very differently if one chooses to believe differendy ! 

I have become a firm believer in the importance of mathematical experience as the 
soiifce of intuitions and inventions. Thus I believe that all children are initially 
"mathematicians" and that the processes of schooling work against the necessary provision 
of experience so that many children do not continue to develop and think about their own 
intuitions. We mistake the capacity of some children to return rote responses to routine 
questions for "ability" in mathematics. Expereince is gained only through children learning 
to model situations, first with objects, perhaps later by drawing pictures, certainly at all 
levels through language describing their views of situations. 

It is for this reason that I insist that our job as teachers of mathematics is to work much 
harder at providing suitable contexts or environments, and then to develop questioning skills. 
These are very difficult roles for teachers who already know the mathematics they wish 
children to learn! There is an almost irresistible urge to tell, rather than to allow time for the 
ideas to form. (There is a substantial literature on the dominant use, especially in secondary 
schools, of the "recitation", where the principal method of instruction is for the teacher to 
lecture to the students. If questions are asked by the teacher they are usually used as a 
control device; if children ask questions they are usually directed at getting direct information 
about administrative or routine procedures; "Do we have to do all these?" "Can we finish 
these up for homework?", "Are we allowed to use calculators for these problems?") 

Another avenue which might be fruitful for the group to consider is the general area of 
questioning in mathematics classes. How should questioning proceed? 
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In mathematics we can identify different kinds of knowledge; should ail these be 
treated in the same way? What different kinds of knoweldge am I talking about? 

Lc^icomathematical knowledge: e.g. "If a>b, and b >c, then a>c." This is not 
something one can be convinced of by telling, it is a mathematical idea constructed by each of 
us, that is, it is in the area of conceptual knowledge. 

Arbitrary knowledge: The mark we make for the word "three" is "3", the word we say 
when we see T" is "sum". 

Should these types of mathematical knowledge be taught in the same way? Can you 
think of other examples in each category? Where would you place the operations of addition, 
subtraction, multiplication, and division? The ideas of fractions and decimal fractions? The 
angle sum of all triangles? 

Now a consequence of the idea that mathematics is learned through experience is that 
mathematics must be a social construction; we learn it as we do other human knowledge; that 
is, in the company of other humans and through the interactions we have with those others. 
It is possible to conjecture that other societies will have developed different mathematics, in 
fact there is plenty of evidence that this is the case. Many language groups of Australian 
Aborigines have no expressible concept of relation in the quantitative sense; it is not possible 
to think about "longer than" in the way that Europeans do! Imagine trying to come to grips 
with ideas of relation and function if one wero to be constrained by such a language! (I 
hasten to add that these languages have extraordinary complexities and can be used to 
describe other non-quantitative relationships with remarkable degrees of sophistication; it is 
an error to regard them as "primitive".) They have mathematics, but it is different, it was 
developed as ours was, in response to sojial pressures and needs. 

In the workshop which follows : intend to illustrate the major idea of this presentation 
that we create mathematics through the social interactions taking place between people. I 
hope that you will recognize this as a potentially useful way to teach the children in your 
classes. 
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1. The first activity involved people in folding paper into a square and removing a 
smaller square from that square; folding along the part-diagonal, cutting and 
rearranging produces the following. What observation can be made? 




After discussion among themselves, group members decided that we had an example 
of the factorization of difference between two squares: 

a 2 -b 2 »(a-b)(a + b). 



2. The second activity asked people to think about how many different ways there are to 
fold a paper rectangle into half. After some discussion about what "half" meant, it 
was determined that there were infinitely many ways, and that the resultant folds 
were not all axes of symmetry. However every fold through the "center" of the 
rectangle produced "halves" in that the two shapes so produced were congruent The 
congruence could always be established by turning one piece over and matching, 
which led to a further discussion about symmetry. 





The i result is shown below. The questions for dicsussion centered around the nature 
of the shape, and any generalizations the members of the group found. They decided 
that they had a very neat "proof for the angle sum of the triangle, and that there 
would always be a rectangle formed in this way. The area of the rectangle is half 
that of the mangle (congruent triangles), and so knowing the formula for the area 
of a mangle it is possible to determine the area of a triangle. 



An extension to the second problem, from the square to the triangle was discussed, 
which led fio the notion of the median as that line which produces two triangles of 
equal area from the original triangle. Members of the group discussed why. (The 
triangles both have equal basrs and share a common altitude.) 




Fo^g along the median produces another way of looking at the triangles, they 
now have the median as common ba^ and so the vertices much join to produce 
a parallel to the median. 
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5 . To make the point that it is difficult to act until there is a context, the question 
1/2*1/3 was written on the board. When this was articulated as the situation; 

"I have 1/3 of a brick and it weighed 1/2 of a kilogram. How heavy is the whole 
brick?"Metnbers of the group agreed that they solved the problem by thinking about 
the context and tripled the 1/2 without thinking about "turning upside and 
multiplying." 

6. The members of the group were then invited to determine the decimal equivalents to 
1/7, 1/17, 1/27, 1/37, and 1/47 by using a calculator. After determining that 
there were 6 places in the itpetend for 1/7 and 16 places in the repetend for 1/17, 
the group was invited to predict what would happen for 1/27, and 1/37. It was 
expected that these would be longer, "more complicated" was the phrase used. When 
they were calculated and found to be relatively simple and even more surprisingly 
related, the group was challenged to determine why. 

7. Members were invited to enter three digits into a calculator, and then to repeat the 
three, so that the calculator displayed a number of the form "abcabc". They were 
then asked to divide this number by 7, the quotient by 1 1 , and the new quotient by 
13. They were asked to explain the result. 

8. The next challenge was to show "3/4 x a = 2/3" with a diagram. One group 
conceptualized the oroblem as "How many 3/4 will fit into 2/3 of a cake?" 
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The argument went that since only 8 of the small squares were equivalent to 
2/3, and 9 squares were needed to make 3/4, the 2/3 contained only 8/9 of a 
three-quarters. A second attempt took a strip and showed both 2/3 and 3/4 on 
i: and also measured the 2/3 with the 3/4, although the members of this group 
subdivided the strip into 36 pieces, when they might have made do with 12. Both 
attempts were interpreting the context as a measurement division. Some groups 
worked at an area interpretation. 



Here wc see that an area of 2/3 x 1 can be rc-ananged into an area of 3/4 x 8/9. 

The workshop concluded with emphasis on the notion of mathematics as a social 
construction, resulting from action on the pan of those constructing the mathematics when 
engaged in making sense of contexts, and dependent upon language as a way of making 
meaning. Symboiization is the process whereby the mathematics is summarized 
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PROBLEM WITH A PURPOSE 

Thomas Butts 

University of Texas af Dallas 

W all of Fame 

1) billfold 

2) Thoreau's home 

3) Alabama governor 

4) Washington city 

5) famed higb^e walker 

6) Austrian president 

7) seal relative 

8) rural target 

Have you answered the ,r Wall of Fame" yet? 



What's a billbold? ^allet 

Thoreau's home? Walden Pond 

How about Alabama's governor George Wallace 

Number four? Walia Walla 

Number five? Wallynda's 

six? , Waldheim 

seven? walrus 

eight? WalMart 



The tide of this talk is Problems with a Purpose . I traditionally give this type of 
"problem" at the beginning of class. They are often not about mathematics at ail. Students 
who are sometimes reluctant to guess at mathematical problems, are often eager to solve such 
problems that do not necessarily have a right or wrong answer. Today I'd like to talk about 
six types of problems. 
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The following axe somewhat arbitrary classifications: 

Opening/closing problems 
Process problems (demonstrate heuristics) 
Skill reinforcement problems 
Discussion problems 
Surprise problems 
Competition problems 

Let's first take a look at a process problem. 

In how many ways can Alice, Marvin, and 
Colin share 25 pieces of candy so each 
person gets at least one piece of candy? 

Think about this problem in small groups, for about five minutes. Try to decide how 
many different ways are there to divide up the candy. 

Since my purpose is to expose you to a number of different things, in a short amount 
of time, I must break one of the cardinal rules of teaching problem solving - ALLOW 
SUFFICIENT WATT TIME. In this talk, there will not be time to wait long enough to 
discuss and analyze everyone's responses. 

Most of you made a table to record your counting of the number of ways. For 
example, the first tk ee entries in several tables were 



23 


1 


1 


1 


23 


1 


1 


1 


23 


22 


2 


1 


22 


1 


2 


1 


22 


2 


2 


1 


22 





Make a Table 




A 


M 


C 


23 


1 


1 


22 


2 


1 




1 


2 


21 


3 


1 




2 


2 




1 


3 


etc. 


1 


23 


1 


1 


22 


2 


1 


1 


23 



© 
© 

© 
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Your point of view might be to say, TU take 23 and then distribute the other two. 
Next I'll take 22 and distribute the other three." Continuing down the table, how many 
entries are there in the last block? There are 23, so the total number of ways is 

1 +2 + 3 + 4 + 5 +...+ 21 +22 + 23 = 276. 

An important part of probletL solving is looking back to see if we can arrive at the 
solution another way. Stop and think about how you would usually divide up candy. You 
probably wouldn't make up an organized table. You would divde it into piles. How would 
we analyze the problem doing it this way? To make it a little easier to see, we'll use a row of 
twenty-five dots. 



What would you do to divide up the candy? We would try to consider how many 
different ways we would have of dividing the candy up among three groups? We might use 
marks to indicate where we would divide the candy into groups. In how many different 
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ways can I put the two marks? Remember to consider the marks that are "mirrors" of one 
another. We would xhen see that we have 24 ways for the first one and 23 ways for the 
second one. Then we must divide by two for duplicates. 

S ummarizin g, we can either add up the numbers from 1 to 23 or we can think of the 
solution as 24 times 23 divided by 2. 

Another interesting solution can be found using two diagonals of Pascal's Triangle. 



Pascals triangi* 



l 

l 




1 

l 
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Ham's another problem to work on 




see f ycu <=rr find your way through this perplexing maz*. 
Another example of an opening or closing problem might be: 



Nam* 



/// in 





IN THIS BOX IS A MOST UIMU?UAL 
GROUP or WOR05. THINK ABOUT IT 

WHAT ODD QUAUITY CAN YOU FIND 
IN THIJ GROUP OF WOGD5? 




Cow^om Soot tommm, 19M 

C2 



Answer Noe's. 

You could use such examples as springboards to do problems about frequency of letter 
distributions, or probability of just quickies at the beginning or end of class* 

A second classic process problem is the Locker Problem. It is an excellent problem to 
use to introduce a unit like Factors and Multiples that you'll be doing toward the end of the 
workshop. 

One Thousand Lockers 
Locker Problem #1 

In Long Middle School there are 1000 students and 1000 lockers 
numbered from 1 to 1000 in a long hall. All the lockers were closed 
The students line up in alphabetical order. The fust student (S j) 

opened every locker. The second student (S2) went to every other 
locker, beginning with the second locker and closed it 
The third student (S3) went to every third locker, beginning with L3, and 
changed it (if it was open, he closed it, if it was closed, he opened it). 
In a similar manner the fourth (S4), the fifth (S5), the sixth (S$)..., student 

changed every fourth, fifth, sixth, ... locker. This process continued until 
all 1000 students had passed by all 1000 lockers. 

We will simulate the problem of "Which lockers are open?", in two ways. The 
problem is simulated and the numbers of lockers that are open are: 1,4,9,16,25. Why are 
the open lockers the ones whose numbers are squares? Because only squares have an odd 
number of factors. Some other problems you can consider are: 

1. List the lockers touched by SjgQ. 

2. List the students who touched L35. 

3-6. Each of the following questions concerns one of the concepts in this chapter. 
Answer the question and give the concept 

3. Which lockers were touched by exactly two students? 

In particular, what kind of question can you ask to "get at" the concept of greatest 
common factor? (Answer, question #4). 

' 4. Who was the last student to touch both L5Q and Lg 4 ? 

What kind of question can you ask to "get at" the concept of least coirjnon multiple? 
(Answer, question #5). 

5. What was the first locker touched by both S12 and S20? 

6. Which lockers were touched only by students with even numbers? 

The next four questions concern whether certain lockers were open or closed after all 
1000 students had passed by all 1000 lockers. 
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7. Was Lj2 open or cioscd? 

8. Was Ljqqo open or cioscd? 

9. Which of the first 25 lockers were open? 

10. Which of the 1000 lockers were open? Give reasons for your answer. 

11. Which lockers were touched by exactly a) 3 b) 4 students? 

12. Which locker was touched by the greatest number of students? 

Here's another five minute question. 

Move one toothpick to form a square 



answer 



or 



(four is a perfect square) 



I guess those of you that got the first answer ought to get partial credit. 



But dontI at least 

milAL. CftCDJT? 




The next category of problems is reinf orcement problems. Here is an examp le. 
Choose 5 different non-zero digits and form a 3-digit and a 2-digit whole number. 

1. How many such pairs are possible? 

2. a. What is the mayimnm sum of a pair? 

b. What is the probability of randomly choosing a pair with this maximum sum? 

3. What is maximum difference of a pair? 

a. positive difference 

b. negative difference 



59 



C4 



4. What is the maximum product of such a pair? 
Now choose 4 of the 5 digits. 

5. How many ways? 

6. Insert one of the digits in each square so the 

□ □ □ 

□ □ " □ 



a. maximize the sum b. minimize the sum 

c. maximize the product ± vmnim^ the product 

You could spin off all sorts of reinforcement activities on fractions, decimals and 
whole numbers from this model. Here's another opener. 

Question of the Dav 
Have in common: 

1) drum* ache, ring 

2) sand, news, wall 

3) grease, room, tennis 

4) handle, room, none 

5) 3y, truck, spit 

6) fair, ground, double 

7) power, sea, sense 

8) tone, magic, down 

9) easy, person, high 

Answers: 1) ear 2) paper 3) elbow 4) bar 5) fire 6) play 7) horse 8) touch 9) chair. 

Another little category that I have is called discussion questions. These are questions 
whose purpose is to raise issues that merit discussion. Number 3 illustrates the use of a 
good generic question. Do you expect the answer to be bigger or smaller than the number? 

1. — i — 1 — i — i — i — t- — i 

1 2 3 4 5 6 7 

You are designing a fom in which someone needs to write his name. Space 1 is 
for the first initial. Space 3 is for the middle initial If you want to allow 16 
spaces for the last name beginning with space 5, what is the number of the last 
space for the last name? 

2. If the sum of three whole numbers is greater than 6000, then at least one of the 

numbers must be greater than . How about 4 whole numbers, 5 whole 

number,... Generalize and explain your reasoning. 

3. In each case, write L if you expect the solution to be larger than 72, S if you 
expect the solution to be smaller than 72: a) 6y = 72, b) y/6 = 72, c) y/3 = 72, 
d)4y = 72, e)2y/3 = 72, f)9y/5=72. 

4. Is the product of any two fractions less than 1? 




5. What number has the a) smallest b) largest reciprocal? 

6. Which is larger 23% of 78 or 78% of 23? Generalize and rxplain. 
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On the dotted line t locate all points C for which triangle CAB is a) right b) acute 
c) obtuse d) isosceles e) scalene. 
8. Can you draw quadrilateral with exactly a) 1 b) 2 c) 3 d) 4 right angles? 
Compare your drawings wi& those of another student. If you cannot draw a 
figure, explain why you think it cannot be. 



9. 
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As point C moves along the dotted line, does the perimeter of triangle CAB 
increase, decrease, or stay the same? 

As point C moves along the dotted line, does the area of triangle CAB increase, 
decrease, or stay the same? 

10. Give an example of a set of 5 whole numbers for which the a) mean > rredian 
b) median > mean c) mode > mean. 

1 1. T F If false, give an example where the statement is false. 

1. The sum of three positive numbers is positive. 

2. The sum of two positive numbers and one negative number is positive. 

3. The sum of two negative numbers and one positive number is negative. 

4. The sum of three negative numbers is negative. 

12. Is there a least positive integer? Is there a greatest positive integer? Is there a least 
negative integer? Is there a greatest negative integer? 

Here's another five minute onq: 

"Make" 20 using four nines and 
any mathematical symbol(s) known 
to an 8th grader. 

One answer 99/9 + 9. 

Now make 20 using exactly three 9's. Answer (9 + 9)/9. 

Fd like to do this next problem in groups of two. It's a good probability problem . 
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Take N people ( 7 < N < 13 is a good size) and give each 
one a standard deck of cards. At a given signal, each 
person randomly chooses a card. What is the probability 
that at least two people will choose the same card? 

Solve the problem: a. empirically 

b. theoretically 

This problem was an example of a Surprise Problem - one whose solution is 
surprising to most people. In this case the theoretical probability is approximately .75 for 
N-12 people. Most of you guessed between .1 and .3. 

If you've heard of the birthday problem, this is the birthday problem except with decks 
of cards. The advantage with the cards is that you can do more than one trial. 

Here's another five minute pmhfcm. 

Question 

1. Mississippi laleteller 

2. Cinema's Enforcer 

3. fieefiee 

4. Athos 1 Qelineatoi 

5. Author Cum Boctor 

6. Humble Qtrcumlocutionist 

7. Energy Bnder 

8. Eanthcr £tar 

Answers: 1) Mark Twain 2) Clint Eastwood 3)BarryGibb 4) Alexander Dumas (author of 
the Three Muskateers) 5) Arthur ConanDoyle 6) Howard Cosell 7) Enrico Fermi 8) Peter 
Sellers. 

The last category is constructing pro blems for contests . Below is a list of standard 
techniques for constructing contest problems. These techniques lend themselves to multiple 
choice format and timed tests. 

Constructing problems is like painting pictures or composing symphonies - it's very 
personal and difficult to "teach". Herewith are a few suggestions arbitrarily arranged into 
two groups called "Types" and "Techniques". Ways to repose existing problems are left for 
another time. 
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CL Short way, long way 

C2, Optimize 

C3. Estimate 

C4. Make a mistake 

C5. All but one (nonexample) 

C6. Give an example 



C7. Parameterize 

C8. Reverse the "usual" 

C9. Do "one of three" 

CIO. Read Carefully 

Cll. Define a new operation 

C12. Find the error 



m leave you an example or two from each of the categories listed above: 



CI Compute: 



597 + 598 + 599 + 600 + 601 + 602 + 603 + 604 + 605 + 606 

5 



A) 1201 B) 1203 Q1205 D) 1206 E) 1208 

"Everyone" can solve this problem, but the insightful problem solver will solve it 
quickly and have more time for the other problems. There is a reward for insight, and 
some success for everyone. 

CI 2301 + 4708 + 8086 = 

A) 15095 B) 14985 C) 14885 D) 14875 E) 14095 

C2 Find the smallest rational number J so that the products — • § and H . « 
are both whole numbers. b 35 b 55 b 

C3 The product 737 x 767 is closest to which of the following: 

a) 50,000 B) 55,000 C) 60,000 D) 500,000 E) 550,000 

C3 A crowd watching a parade fills the sidewalks on both sides of Fifth Avenue for a 
distance of 2 miles. The sidewalks are 10 feet deep and an average person needs 4 
square feet to stand on. A good estimate of the size of the crowd is 

A) 25,000 people B) 50,000 people C) 100,000 people D) 250,000 people 
E) 500,000 people 

C4 Using a calculator, a student mistakenly multiplied by 10 when he should have divided 
by 10. The incorrect answer displayed was 600. The correct answer is 

A) .6 B) 6 C) 60 D) 6000 E) 60,000 
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C5 Decide which one of the following is not true, Three straight lines can be drawn in a 
pkoe so that there 

(1) is nr> intersection point 

(2) is cue intersection point 

(3) arc two intersect an points 

(4) are tine inu*~i~aon points 

(5) &x four intersection points 

C6 Give an example: 

100 consecutive integers of which exactly two arc squares. 

Four different non-zero integers whose sum exceeds their product 

Four different non-zero integers whose sum is a factor of their product 

C7 Find all integers k for which the equation kx - 12 = 3k has an integer solution. 

C7 In the product shown, B is a digit The value of B2 
Bis 

6396 

A)3 B)5 Q6 D)7 E) 8 

C8 Write 45 as the . urn of consecutive integers in as many ways as you can. 

C8 Give an example of two rational numbers whose product is between 1/2 and 2/3. 

CIO At a school, all students are given a questionaire asking if they approve of the 
President Suppose 60% of the students answer the questionaire and 55% of these say 
they approve of the President What is the maximum percent of the entire student 
body that approves of the President? 

A) 33% B)55% C)73% D)78% E) none of these 
CIO Which of the following numbers has the largest reciprocal? 

A) 5 B)| Ql D)5 E)1986 
CI 1 ff A*B means f then (3*5)*8 is 

A) 6 B)8 Q12 D)16 E)30 
C12 Find the error and correct: 

i - x 2 3 i . id » i - x 2 

x x 1 28 x - 1 

. (i - xKl ± x) , 

(x - 1) U + x; 

Problems CI (both), C3 (both), C4, C7 (sc-cond), CIO (both), and Cll have append in the 
American Junior High School Mathemar.cs Examination. 




FU close with this esc filial problem for you to work cut. Some of you, I trust, will 
be acting tins out later on today - at least one pan of it 

AN OLD CHESTNUT 
Speedy Gonzales has a large circular 
track in his backyard of radius t 
kilometers. Each day Speedy runs 
n laps and for each kilometer he runs, 
hedrinks s Utersofbeer. Whatis 
the probability that Speedy drnks at 
least one liter of beer per day? 



Incredibly the probability is 0! 
Hedrinks ZTJtnsfknVlap*!^*^^) 
= 2 Tints = .95 liters. 
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Shrink Morris 




TEACHING MATH WITH MANIPULATES 



EdAntosz 
Mcicy College, Detroit 

Preamble 

The notion of working with manipulatives in mathematics is neither a new nor a novel 
idea. Tac-Tiles which is the name IVe given to the material that I've been developing over 
the last ten years is but one manifestation of the idea of using concrete material to teach 
mathematical concepts. Some of my ideas have grown out of notions presented by Zolton 
Dienes, who has been concerns with the use of manipulatives for over thirty years. 

When I began my teaching career I taught mathematics exactly the way I had learned it 
My students had the usual difficulties with algebra and I couldn't understand why. They 
could do the algebra in that they manipulated symbols correctly but there was no deep 
structure to what they were doing. I was very perplexed. At that time I began looking at 
how people learn mathematics. Zolton Dienes says you have to play with mathematics. 
Dewey and Montessori say you have to touch it. These peopb say that as a result cf 
touching the material you learn images. These images are built up, one upon the nexL From 
these images, the student can translate concrete facts into symbolic representations of these 
wi!l happen to the concrete material. 

Tac-Tiles grew out of teaching adults who were coming back to the university. These 
students were working either on a Bachelor of Science Degree or a Bachelor of Education. 
Not one of these adults had the equivalent of high school mathematics. Since every 
university requires its students to have at least basic mathematics, my job was to teach these 
people mathematics. And so Tac-Tiles was born. As the material developed and modes of 
presentation were refined I found that I could teach any adult to solve any linear equation in 
less than three hours. 

Today Tac-Tiles consists of squares and rectangles which come 5 n different sizes and 
shapes. Each piece is coloured blue on one side and yellow on the other. The various pieces 
are used to represent number, positive and negative as well as fractions, variables in algebra 
and polynomial expressions. 
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The most natural progression when using Tac-Tiles is to let children play with them. 
Allow the student an opportunity to become familiar with the material at hand. The next step 
is to develop the rules for arithmetic and finally the rules for algebra and polynomial 
arithmetic. 

Arithmetic Operations (addition & subtraction) 

There are two rules for arithmetic. The first rule is that a number can be represented 
by only one colour. The second rule is thn at any time you can add or remove a blue and 
yellow pair from the representation of the number without changing the value cf the number. 
This second rule allows you to add one blue and one yellow but not two blues nor two 
yellows. When working with children more time might be spent developing the rules. 

To develop arithmetic skills using Tac-Tiles we begin by playing a game called Blue 
and Yellow Numbers. Using the two rules from above we try the following examples. 

2B + 3B 
4Y + 1Y 
3B+2Y 
4Y + 6B 

Taking the first one, we place 2 blue tiles on the table, then place 3 blue tiles on the table and 
count them up. Of course, we get 5 blue tiles. Tne process looks something like this. 



■ I 



■ I 



■ I 



2B 



3B 



5B 



In the second example we would place 4 yellow tiles on the table and then place 1 yellow tile 
and count them up. 

□□□□ □ □□□□ 

□ 

4Y + 1Y =* 5Y 



*8 
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The third and fourth examples appear to be different but they require the use of the second 
rule. We place 3 blue tiles on the table, then place 2 yellow tiles on the table. This time 
before we can count them up we must use the second rule and remove one blue and one 
yellow tile, and then remove another blue and yellow. (Remember the first rule that requires 
the result to be one colour only.) 

■■■ □□ ■ ■ a ■ 

3B + 2Y - (3B+2Y) - 1B 



And our final example of addition looks like this. 



□ □□□ 



■ 
■ 



□ □□□ 



I ■ 



4Y 



6B 



(4Y+6B) 



2B 



The next step is to ask the student for an alternative notation. The usual procedure is to 
assign one of the colours the value of 1. Perforce the other colour represents the opposite of 
1 or -1. For our purposes let blue be 1. The examples just used can now be rewritten as 
shown below. (In a classroom situation you might prefer to allow the students to decide 
which colour represents 1. The only confusion is when one student uses blue as 1 and 
another students chooses yellow to be 1. They will arrive at the same arithmetic results 
however, the representation of the numbers will differ.) 

2B + 3B 2 + 3 = 5 

4Y+1Y -4 + -1 =-5 

3B + 2Y 3 + -2 = 1 

4Y + 6B -4 + 6 = 2 

Subtraction and addition can be introduced at the same time using Tac-Tiles. Playing the 
same game using the two rules above and performing a number of examples where wc "take 
away" gives us an introduction to subtraction. Consider the following examples: 

69 
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6B-43 

DX * ^1 

4Y-2B 
2B-3Y 

Looking at the first example, we place 6 blue tiles on the table, then remove 4 blue tiles on 
the table and count them up. Of course we get 2 blue riles. The process looks something 
like this. 

■ I II 11 ■ 
III !■ ■ 

6B - 4B - 2B 

The next example looks like this. 

□□□ □□□ □□ 
CD 

5Y - 3Y 2Y 

The next two examples again require use of the second rule. The third sample requires that 
you place 4 yellow tiles on the table and remove 2 blue tiles. Since there are no blue tiles we 
must add a pair and then add a second blue and yellow pair. Now we can remove the 2 blue 
tiles and count up the remainder. 

°° ■ □□■ □ ■ □□□ 

a ° ■ □□■ □ ■ □□□ 

4Y - 2B - 4Y + (2B +2Y) - 2B - 6Y 

And in the final example we place 2 blue riles on the table. In order to remove 3 yellow riles 
we must add three pairs of blue and yellow riles. We then remove the 3 yellows and count 
up the remainder. 

■■ □□□ ■■■■■ □□ 

□ □□ ' □ ■ ■ ■ 



2B - 3Y - 2B + (3B + 3Y) - 3Y 



5B 
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And should we follow the same procedure that was introduced earlier where the blue tile 
represents a i and the yellow tile represents -1, the examples above can be rewriten as shown 
below. 

6B -4B 6-4 = 2 

5Y-3Y -5--3 = -2 

4Y-2B -4-2 = -6 

2B-3Y 2 --3 = 5 

A complete development of arithmetic skills requires that we attend to the operations of 
multiplication, division, powers and roots, however, for this presentation I will skip over 
them in order to deal with the ideas of polynomial arithmetic and the solution of linear 
equations. 
Variables 

To represent a variable we use a tile of length different than that of a 1. The tile looks 
tike I I • la width is the same as the one tile but its length has been increased. 
The tile is used to represent a quantity which at present is unknown. To solve an equation 
we must first divide our work space into two parts. The rules for addition and subtraction as 
outlined earlier still hold. We now require an additional rule. That rule states that in solving 
the equation we perform the same operation in each of our workspaces. (Obviously, we're 
setting up the theory of an equation here.) For example, if you choose to add one tile to one 
side you must also add one of the same tiles to the other side. (In a sense we are working 
with two rules: 1) you can add or subtract any number of these tiles from one side, and the 
other rule is 2( whatever we do to this side we do exactly the same to the other side.) Our 
goal is to isolate the variable tile by itself in one of the work spaces. There may not be 
variable tiles on both sides when our work is done. 

As examples let's look at the following equations: 

x + 3= 1 

2(x + 4) = 3x- 1 
A representation of the first equation would be: 

I □ □□□ □ 



The division between the two work spaces is noted by the dotted line. 
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To solve we can add three blue tiles to the left side or we can remove three yellow tiles 
from each side. Let's add three blues. (Remember thai we must then acid three blues to the 
right side as welL The operation looks like this. 



3 □□□ 
I ■ ■ 



□ 

■ II 



When we use the earlier rule of permitting only one colour in the solution we get the 
following. 



The solution to the first equation is x = -2. 

To represent the next equation requires that we develop the notion of representing a 
polynomial. (It is important to note that when working with children the pace of activities 
will differ from that of this presentation.) The equation is 2(x + 4) = 3x - 1. The 
representation of a x + 4 is I I □ □ □ □ and systematically 

2(x + 4) would be represented by two such configurations and the equation looks like this. 



There is more than one way to solve this equation by the solution I'll use will demonstrate 
several features of Tac-Tiles. First let's take two x's away from each side. We get 



3 □□□□ 
3 □□□□ 




□ □□□ 

□ □□□ 



I 
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Now let's add a blue variable to each side. 



□ □□□ 

□ □□□ 



And let's add eight blue tiles to each side. 



□ □□□ 

□ □□□ 



Upon collecting and removing all the tiles that annihilate each other we get the following. 
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We're close to the goal of isolating the yellow variable tile by itself. All we need is to flip it 
over. We must flip the other tilts as welh This gives us the solution x = 9. 



C=3 ° 

□ □□□ 

□ □□□ 

After solving equations using Tac-Tiles the task becomes one of asking the students 
how to write the procedure used in manipulating the tiles. Children have no difficulty 
suggesting the following sequence for solving the equation above. 

2(x + 4) = 3x-l 

2x+8 = 3x-l 

2x - 2x + 8 = 3x - 2x - 1 

8 x- 1 

8 + -x = x + -x - 1 

8 + -8 + -x = x + -x - 1 + -8 

-x = -9 

x =9 

This sequence clearly describes the steps that we took in solving the equation. After a 
little practice using Tac-Tiles the child can move on to solving cqutions with paper and pencil 
referring to Tac-Tiles as need be. Experience has shown the children will refer back when 
working with a new situation and will soon grow to the point where they need only refer to 
mental images of th'. tiles. Polynomial arithmetic can be performed by adding tiles of 
varying sizes and shapes. 
Polynomial Multiplication 

The final concept that will be demonstrated here is that of multiplying polynomials. I 
realize that IVe skipped over polynomial addition and subtraction but that can be developed 
naturally from what we know of addition and subtraction of integers. Polynomial 
multiplication is an ideal example of a situation where it is easier to show the student an idea 
than it is to c xplain what to do. 
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To find the product of two binomials using Tac-Tilcs we will construct a rectangle with 
length equal to one trinomial and width equal to the second binomial. This is easier done 
than said. Let's take the product of (x + 1) and (x - 1). The dimensions of the rectangle will 
be similar to the diagram below. (The diagram has been exploded so to make it easier to sec 
the process,) Note that Tve shown the dimension x - 1 as -1 + x. 

X +1 
I ! □ 




Our task now becomes to fill in the rectangle with the correct shapes and to simplify the 
result using the rules as developed above, 

X +1 




Notice the result We get an x z + x - x - 1. When we simplify we are left with x 2 - 1 which 
looks like this. 




eo 



Let's look at one last example. This time well multiply (3x - 2) by (2x + 3). The boundary 
of the rectangle looks like this 



D 



I II il I 



□ 
□ 



When we fill in the area we get 



□ I I f If 

n i ii i r 







1 




















u 









II 
I 



I 



Now when we remove the boundaries and simplify we are left with the product 

ii 
ii 



i — i 



i i 
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When wc ask the children to write the process that weVe just demonstrated the result is often 
similar to the usual notation used for the multiplication of two binomials. That is we get: 

(3x - 2)(2x + 3) * 6x 2 - 4x + 9x - 6 
- 6x 2 + 5x - 6 
And this is the very idea that we are trying to convey. 

The symbols we use to write polynomials and show polynomial arithmetic are not 
always clear. The success of symbolic notation is a function of the understanding the teacher 
and student have of the symbol just as in spoken language where the use of words is 
functions to determine how the speaker communicates the message to the listener. 

In mathematics we often require the student to keep a series of instructions in mind If 
we provide the list correctly and the student can remember the instructions and how they 
inter-relate when the teacher has completed the instruction the student should be able to "see 
the picture". The difficulty with a process of this nature is that the student can lose 
instructions or interpret them in a fashion that was not originally intended The strength of 
manipulative material is that we can demonstrate the instructions as well as the 
inter-relationships simultaneously by showing uie student The best analogy for this is a 
photograph. Try to describe a picture. The relationships of line, colour, form, shading, 
texture all contribute to the final product It is impossible to explain the picture without 
listing the many relationships. Only upon completing. the list can your listener reassemble the 
picture. More likely than not the picture they hear is not the picture you describe. One role 
of manipulative material is to provide the picture without words. 

As mentioned at the opening this notion is neither new nor novel However, the most 
appreciative audience seems not to be the mathematics teacher. Math teachers seem to be 
very unreceptive to the notion of using manipulatives. They're approach is to just 
students how to perform mathematical operations rather than to devleop the concepts behind 
the operation. 

Montessori, Piaget, Bruncr to name but a few state emphatically that children must 
first manipulate material. Then they formulate images with which they work. Finally, 
children can use symbols to manipulate the images they have. The transfer does not seem to 
be there when the teacher begins with the symbols. Although some children can succeed 
when they begin with symbols the suggestion is that their success is due to their good 
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memories or to the fact tb t they have already develop * vstcm of images for themselves. 
Often mathematics teachers do Lot realize how dil • c it is to start at an abstract level since 
they can openuc with facility at that leveL The transition is the one that draws the line in 
separating our population and identifying who has a love for mathematics. 
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PROBABILITY 



Michael Shaughnessy 
Oregon State University 

I want to talk a little bit with you about probability and statistics. What I'd like to do is 
have people gather their own statistics by running some kind of a probability experiment. 
We'll look at probability from an experimental poinc of view and use the data that you have 
gathered. 

Just to start off I want to share with you some of the most important work in statistics 
that's ever been done. It's summarized by a few of these statements here. 



If you torture data long 
enough, ii will confess. 

~ R. Coase 



You can prove anything with 
statistics except the truth. 

~ G. Canning 



Don't trust any statistic you 
have not falsified yourself 



If there is a 50-50 chance 

that something can go wrong, 

then 9 times out ten it will 

~Mut fhy's law of 
large numbers 
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If you confront a satisdcian 
with a man with one foot in 
a bucket of boiling water and 
the on r foot in a bucket of 
ice cold voter, he will say 
thai, on average, the subject 
is comfortable. 

~ H. Paulsen 



If your experiment needs 
statistics, you ought to have 
done a better experiment 

~ Lord Rutherford 



Lies, damned lies, and statistics. 

~ Disreaii 



I want to taik about why I think it's important to do probability. You've gotten 
some phr ophicai overview of the MGMP units; but even beyond just the MGMP units, I 
think it's important to expose kids to probability experiments. They need to gather their own 
data, analyze their own data, and organize their own data. I'm going to share with you some 
of the materials to do that Some are my own and some are commercial ones. 

Why Probability and Statistics? 

1) Masses of statistical information. 

2) Misconception of probability and misuse of statistics. 

3) Involves problem solving and decision making. 

4) Experimental not theoretical treatment of probability and statistics in schools, 
(from a consumer's point of view) 

I feel very strongly about probability and statistics. The question is, when and where 
do we do it? I think that we should do it in seventh and eighth grade for a half of year. Pick 
one quarter of the seventh and eighth grade package, do probability and statistics. If you 
can't do that, weave it in, and spiral it throughout the rest of the material you do. Probability 
and statistics involves many things, ror example, computations are used in gathering data 
and computing averages. Ratios and proportions are used in probability. I w juld like to see 
kids get exposure. Here is a list of potential places. 



80 



-When and Wnere?? 

A) In 7th and 8th grade for at least 1/2 year, 
or spiraled throughout 

B) Throughout a general math course (GEMS) 

Q As the required second year mathematics course 
after Algebra I 

(D) As 1/2 of all of a second math course after 
Algebra n. (Better for most kids than Calc-Anal) 

(E) Interspersed throughout a usual Algebra I or 
Algebra n course* 

These are places where teachers that Tve worked with in the Northwest have found 
that they can make it work. Remember, this is not just me saying, "I think I should do this". 
There are teachers who have been involved in an experience similar (Honors Teacher 
Workshop) to yours who have gone back and done this for the last two years. 

I would like to share my philosophy of M How to get your hands dirty with this stuff. 
We talked about why probability, when and where probability. Now, let's talk about how. 
I'd like to do it through simulation. You've done a lot of simulations already. You've used 
the fair and unfair games. When I say simulation, I mean carry out an experiment that 
represents a problem situation. 



81 



PROBABILITY & STATISTICS 
Via 

SIMULATION 



Problem 



Existing Data 

9999 




(Physical) 
Experiment 




Computer 
Simulation 



First you're going to look at some data. After you have looked at the data, you'll want 
to look behind the data* That is when you're asking, "What is really going on here?" You 
may then wonder why things are happening the way they're happening. If you don't have 
data, you have to get your own data. 

I happen to have some data on what I call the 1970 Draft Lottery, even though it really 
occurred in December of 1969. Here are the mean .lumbers that were chosen. 



82 



For each month: 



1970 Draft Lottery 
Monthly Means 



March 
April 
May 
June 



January 
February 



1012 

203 

225.8 

203.7 

208 



July 
August 
September 
October 
November 



181.5 
173.5 
157.3 
182.5 
147.7 
121.5 



196.7 



December 



Now look behind the data. Is there anything you notice about the data? November, 
December and September don't look good. Why would anybody have a better chance of 
getting a higher number every year. The question could be, "Where these well mixed?" It 
comes out they didn't have good mixing. 

A newspaper article came out explaining how the mix occurred First they took 
December and put it in a box, then November was put in same box and mixed, then October 
and mixed it and so forth through all the months. Then the box was dumped upside down. 
December was now on top. It had not been mixed very well after all. So you can see why 
it's important to look behind the data. 

Interesting data from "Exploring Data" can be used in middle school grades. An 
example is exploring amount of soft drinks consumed one year by an individual. 
We are now going to do some experiments. 

I want you to break into small groups. Til give you each a card. Wait until I give you 
your card, then you'll find four people that match your denomination and pick a table to sit 
at. 

I'm going to put a problem on the overhead and let you take a look at it for a minute. 
You're going to make a bet Here is the situation: 
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Birthmonths 

You and four new friends are talking at a party. One 
ct your new friends starts to try and guess everyone's 
birthmonths. Then, another friend says she is willing 
to bet anyone a dollar that at least two of you have the 
same birthrnonth. 

Should you take the bet? 

A) Make a guess (gut level). 

B) Do you think that there is a 50% chance, or better that 
there is a match of birthmonths? 

C) How could we simulate? Gather groups of 5 people to get 
some data, and check it out? 

(Problem is actually done with experiment in small groups. Data is compared during 
groups). 

Hoe are some other situations you could present: 

Forming Triangles 
Two points (numbers) between 0 and 1 are chosen at random. 
The points divide the interval from 0 to 1 into three line 
segments. 

What is the probability that the three segments will form 
a triangle? 

I 1 1 1- 

0 1 

A) Make a guess. 

B) Let's let a computer simulate this one. 

C) (Hint!!) How could we represent two points in the 
interval [0,1], say by using algebra? 
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Probability of Forming A Triangle 



< — h 

0 



+4 



Y-X 



In this case, x y, add the three pieces are of length 
' x, (y - x), and (1 - y) 

These three equations must hold: 

1) x + (y- x) (1 - y) * y 1/2 

2) x + (l-y) (y-x) ^ x 1/2 

3) (y-x) + (l.y) x ^ y x + 1/2 



1 
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Cereal Boxes 

Recently General Mills company included bike racing 
stickers in their boxes of Cheerios. There were 5 
different sets of stickers. 

How many boxes of Cheerios would you expext to have 
to buy in order to collect all 5 sets of stickers? 

A) Make a guess. 

B) We can't eat that much cei^ai! (Rather not) So- 

C) How can we simulate buying the boxes and checking the 
stickers? 

THE HARE AND THE TORTOISE 
THE TORTOISE FLIPS A COIN AND i (OVES EITHER 1(H) OR 
2(T) STEPS. 

THE HARE ROLLS A DIE AND MOVES FROM 1T0 6 STEPS. 
WHAT'S A ,9 FAIR" LENGTH (# OF STEPS) FOR THE RACE 
IF THEY HAVE TO WIN BY EXACT COUNT? 
(NOTE: THEY "REST" IF THEY ROLL TOO LARGE A NUMBER) 

BREAKING STICKS 
A (unit) wooden stick is randomly broken into three 
pieces. What is the average length of the small, 
medium, and large pieces? 

A final example will be a simulation vith the use of a computer. It's called "The 
Good, Bad & Ugly". 



86 



<T>TJTO T\ rrtIV Din a xtr\ fr-wr? r rr* r *r 

XiJii \jks\j u , i u Hi itrtitS) ri'vis ma (/UU 

Three com/boys are locked in mortal combat in a 3- 
cornered dual Ugly hits his target 30% of the time, 
Bad 50%, and Good never misses. 
If they shoot in the rotation Ugly • Good - Bad, who 
should Ugly shoot at? 

B 3rd 

2n& G This is the 

shooting order 




THE UGLY-BAD MATCH 

Ugly lives if one of these outcomes occurs: 

1) B m U h P(B m U h ) = (.5)x(.3)-.15 
or 

2) B m U m B m U h P(B m U m B m U h ) = (.5)(.7)(.5)(.3) = .05 
or 

3) B m U m B m U m B m U h p (B m U m B m U m B m U h ) = (.5)(.7)(.5)(.7)(.5)(.3) 
= .02 

or 

4 > B mUmB m U m B m U m B m U h P(B m U m B m U m B m U m B m U h ) = 
(.5)(.7)(.5)(.7)(.5)(.7)(.5)(.3) 

= .006 

or 

5) [(.5)(.7)] 4 (.5)(.3) = .0002 .15 + .05 

+.02 + .006 

Or +.0002 

+ 00067 

6) [(.35)] 5 (..15)= .00067 = .22687 
and so forth. In general, (.15) x (35) n ~ l = 23 as k 
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We've had a fun afternoon. Thank you for sharing it with me. I have 
sayings to leave with you. 

"This branch of mathematics (probability) is one, 
I believe, in which good writers frequently get 
results entirely erroneous." 

Charles Sanders Pierce 

Dizzy Dean 
"I hate statics." 

(Old Dizzy wasn't too smart) 
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CHANGING THE NEGATIVES TO POSITIVES: 
TRANSFORMING GENERAL MATHEMATICS CLASSES 



Perry E. Lanier 
Michigan State University 

Ami Madsen-Nason 
The University of Texas at Austin 



If the> hai their druthers they wouldn't be there, 
It has nothing to do with me v it's just that it's 
general mathematics class. (A project teacher) 



Researchers at MSU's Institute for Research on Teaching, in collaboration with 
mathematics teachers, studied the problems of teaching and learning in general mathematics. 
They targeted three strategic areas in critical need of improvement These strategic areas 
included communication, social organization, and the mathematical content Once identified, 
the staff began its review, study, and syathesis of the literature related to improving learning 
and instruction within the strategic areas. 1 It is the purpose of this paper to present the 
problems of learning and instruction in general mathematics, describe some of the 
instructional interventions that were implemented by the project teachers, report the outcomes 
for teachers and students related to the instructional improvement areas, and to discuss the 
implications of the findings for others interested in improving general mathematics classes. 
Although each strategic area will be presented separately, it was the simultaneous 
implementation of interventions in all three strategic areas that created a f orce powerful 
enough to overcome the massive and chronic problems found in general mathematics classes. 



The General Mathematics Project's reading list is included in Appendices and C 
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IrmmTvinr the Patterns of Mathematics Communication 



They (students) weren't interested in understanding the math, 
they wanted to know what to do so they could get on with it 
(A project teacher) 

As researchers studied general mathematics classes, they found the mathematics 
communication between teachers and students was sparse and minimal. Students simply 
wanted to know what the assignment was going to be and how to work the problems. The 
teachers responded by giving their students a set of directions or procedures for working the 
daily problems then fallowed this with the assignment Typically, teachers spent less than 
10 minutes per class period in mathematical communication with their general mathematics 
students (in conrast to over 25 minutes spent in their respective alg< ota classes). In addition, 
the teachers used less precise mathematical language in general mr/ihematics classes than in 
their algebra classes. For example, the decimal .79 was read as "seventy-nine hundredths' 5 
in one of our teacher's algebra classes and as "point seven nine 1 ' in her general mathematics 
class. 

Researchers were aware that teachers and students needed to engage in more 
mathematical communication* There needed to be more talking about math and more 
importantly, the talk needed to be much richer. Researchers and teachers developed methods 
from the readings that focused on improving patterns of communication in general 
mathematics - to increase the quality and quantity of communication. Some of the methods 
that the project teachers implemented included the following: 

1. Questioning students' responses, both right and wrong answers. 
(Eg., "Tell me how you got that answer.") 

2. Eliciting student explanations of their answers or solutions to 
problems. (E.g., "What were you thiniring about as you worked 
this problem.") 

3. Increasing the amount of time for students to respond to a 
question or to make a statement 

4. Encouraging student participation in discussions or analyses of 
commonly made errors on assignments. 
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5 . Requiring that students always talk and think about several different 
ways to solve problems. (E.g., "Can you also show the sum of two 
fractions using pictures and your fraction bars?") 

The following classroom example illustrates how one of our general mathematics 

teachers (Ms. Kaye) encouraged students to think and talk about multiple ways of 

representing the addition of unlike fractions. 

Ms. Kaye: Suppose I wanted you to combine one-naif, plus one-third, 
plus one-sixth. (On the chalkboard she has written) 

1 +! + 1 

2 3 6 



Kenneth: 

Ms. Kaye: 
Kenneth: 

Ms. Kaye: 

Kenneth: 
Melanie: 



Oh, I know, I know! It is three-twelfths...no, no, 
that's not right.. wait.. I can redeem myself! 

All right, IU give you a chance to redeem yourself. 
It's three-elevenths...or...one whole. 

Kenneth! We just said over here that you can't add numerators 
and denominators! 

Well then how can you add that? 

I did it <u vc erendy. I put one-yalf, one-third, and one-sixth in a line 
and I got a comnon denominator of six and then I added them. 



(Ms. Kaye writes on the chalkboard what Melanie has told her) 

1 3 

2 ' 6 
1 2 

3 = 6 

11, 

6 6 2,1 



Ms. Kaye: All right, so you did it using arithmetic. You are correct, but 
can anyone do it using a picture? 

Randy: I can, I can! 

(Randy goes to the chalkboard and draws the following) 



_1 
2 




.1 

3 I 
— 6 
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Randy: Here is the one-half (pointing to it), here's the one-third 
(pointing to it), and here is the one-sixth (pointing to it). 
You CAN SEE they are equal to one whole! 

Ms- Kaye: Yes* you could do it thai way also. I don't care if you do it 
this way or use arithmetic - 1 do care that you use a mental 
picture. Because if you draw a picture you may avoid adding across 
and getting three-elevenths. 

(Ms. Kaye draws the following on the board) 




Ms. Kaye: You see, if we draw a hexagon like Randy's and divide it into 
twelfths... we can say that elevenths is really close to twelfths, 
can't we?... (the students agree). If we took this hexagon and 
shaded three of those twelfths that is about as much as three- 
elevenths. Does that even look close to the answer Randy gave us, 
one whole? 

Students: No. 

Ms. Kaye let Kenneth "live with" his mistake until Randy and Melanie had finished 
their explanations for how they arrived at the answer. When they were finished, Ms. Kaye 
returned to Kenneth's answer and compared it to Randy's. This showed the students the 
importance of representing mathematical ideas or operations with pictures and the importance 
of communicating their thinking about these problems. 

The method of asking the students to think and talk about the multiple ways to 
represent mathematical concepts (concretely, pictorially, and symbolically) was implemented 
throughout the year and across all the units of mathematics that were covered Ore teacher 
noted significant improvement in her students' ability to think about mathematics, in their 
willingness to try new mathematical problems, and in their ability to verbalize their thoughts 
about mathematical ideas and content Students in one project class mentioned the value of 
talking more mathematics in their comments about the class at the end of the year. A few of 
these student comments air included as follows (typed as written): 

...you explain things, other teachers give you a book <md page number 
and tci! you to read the directions. 
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I new most aii of the things we did not neve? understood it real well 
You made dungs clear and helped me all the time... 

...our teacher would give us a page number and say good luck. It is 
more if someone explains it to you. The only suggestions I have are 
to make more teachers do it this way. 

Both the students and teachers noted that the quality and quantity of communication 
about mathematics had changed across the year. 

The amount of time spent in mathematical communication increased from the average 
of 10 minutes at the start of the project to an average of 27 minutes per period at the end of 
the project The nature of this time was also changed - it was now enriched with dialogues, 
discussions, thought-provoking questions, and error analyses. One project teacher, 
reflecting on the changes that had been made in her general mathematics clas^ with respect to 
communication, commented: 

You keep asking the question, "Why?" over and over again and it finally 
gets to the point where the students know what it is you are looking for. 
For example, when you say to them, "You have four-sixths and that equals 
two-thirds - why does it equal two-thirds?" eventually the students will 
begin saying, "Because you can divide the numerator and denominator by 
two-halves." 

They (students) start answering in complete sentences. They are not 
giving you yes/no type answers, because if they do they know I will 
ask them, "How did you get that?" 

I noticed that particularly when the semester changed. I had 10 new students. 
I was reviewing fiactions with the class and I noticed the students I had first 
semester answered my questions differendy than did the new students. The 
new students just gave an answer. My old students gave an answer and an 
explanation. 

I think I am asking them to do a lot more of that all the time and I think that 
is really important Questioning helps me find out where students* mis- 
conceptions are. It helps the students realize that they aren't alone with their 
misconceptions and wrong answers. 
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Farilinriny Mathematics I /smring Tnrough the Social Organization of the Q m 

Drill and practice exercises are needed to cement the 
mathematics into their little minds. (A project teacher) 

Project researchers found students spent an average of 30 to 35 minutes per class 
period on routine scatwork assignments. This seatwork consumed the major portion of time 
in the general mathematics classes. The teachers thought lengthy driU and practice exercises 
served two purposes: first, to let them know if the students understood how to work the 
problems, and second, to "cement it into their little minds." They believed that without 
sufficient drill and practice the students would forget how to work the problems. The 
students were frequendy given textbook or worksheet assignments containing numerous and 
repetitive basic computational drills. These assignments were so routine and simple that 
students used this time to socialize with one another as they worked on them. One student 
was observed chatting with a classmate about amovie she had just seen when she turned 
around to another classmate and said, "I am working on my math, too. It just helps when I 
talk" 

The amount of time general mathematics students spent in off-task socializing 
(particularly during seatwork and at the start and end of the class period) was a common 
problem in the general matheamtics classes studied at the beginning of the project This was 
one characteristic of the social organization of the general mathematics classes that 
contributed to the problems of teaching and learning mathematics in these classes. 

The social organization of the general mathematics classes was an important strategic 
instructional area which researchers believed needed to be improved. The social organization 
consists cf the organization of students for instruction and tasks, the class routines and 
procedures, and the instructional methods which support and maintain the goals and 
objectives of the class. The social organization in general mathematics classes was 
characterized by a notable lack of whole group instruction, instructional planning, and 
interest in the mathematics content by the students and the teachers. Substantial amounts of 
time, however, were given to mundane seatwork assignments, endless amounts of student 
papers, and off-task socializing. Improving the social organization of these classes required 
that greater amounts of time be spent in whole class direct instruction and in the time given to 
planning for instruction. It also required a decrease in mundane seatwork assignments, the 
amount of student work, and off-task socializing. Social organization techniques would 
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have to eneoisage student involvement and interest in mathematical content and tasks that 
fostered the development of mathematical ideas and concepts* In addition, social 
organization methods needed to focus classroom procedures and the learning of math. The 
social organizational methods that were developed by the project staff were intended to 
facilitate the learning and instruction of mathematics in these classes, are listed below: 

1. Using student groups to work on mathematical activities. 

2. Using student volunteers at the chalkboard or overhead projector 
to solve problems or to talk about common errors that had been 
made on the daily work. 

3. Providing a short paper-and-pencil review activity when the students 
enter the room prior to the start of the daily lesson. 

4. Placing an agenda on the chalkboard to focus student attention on the 
content just covered and that content which will be covered 

5. Providing students with more feedback on their mathematical 
progress through units of content 

6. Writing more long-range instructional plans that focus on the develop- 
ment of mathematical concepts across and within mathematical units. 

7. Using controlled practice activities during direct instruction to 
encourage student participation. 

The use of student groups for various units and activities encouraged the students to 
interact and communicate with one another as they worked together to solve the mathematical 
problems. The following is a classroom example of such a group activity: 

Ms. Kaye: You have a group project to do for the rest of the hour. The 
Athletic Boosters are trying to raise extra money and are 
selling square yards of the football field I want you to figure 
out how much the Boosters are going to make. 



(Ms. Kaye draws the following diagram on the board) 
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Ms. Kaye: The Boosters axe going to put the names of the buyers in a large 

drawing in the cafeteria* I want us to find out how many yards we 
can get out of the football field and how much money could be made. 
I wist you to figure out how many square yards and the total 
amount of money this will generate* 

(Ms* Kaye writes the directions on the board) 

1. Draw the figure. 

2* Figure total yards. 

3. Figure total amount of money* 

Ms. Kaye: I want you to put a group total of money on your paper. I 
want each of die groups to figure this out. Make sure you 
write your answer in a group. 

After Ms* Kaye presented the problem and outlined the group task, the students were 
given calculators and the rest of the period to solve the problem* At the end of the period, 
each group's answer was recorded on the chalkboard with one member from each group 
selected to explain to the rest of the class how the group arrived at the solution* 

One project teacher was convinced that some students would refuse to work in groups* 
She commented, "It was hard for me to let go of my control of the class," After trying 
student groups in her general truth class she was convinced it could work. She described a 
review day on which she had her students work on review worksheets in their assigned 
groups: 

They were drilling each other and they were working. I mean* 
I went around the room and they almost said. "Leave me alone. 
We're gonna get him to learn this***" It was so much fun* I 
loved it* And I had one student phone another student at home 
asking if he had his ditto finished. 

The teacher had the groups competing for the hon^r of leaving the room without 
having to put up their chairs for the custodian* She was amazed at their zeal* She now 
believes that the most significant benefit of group work is the increased amount of 
mathematics commuication that goes on when the students work together* She notes that this 
not only helps them develop their mathematics language but it also loosens them up for class 
participation during whole class direct instruction. 

Using controlled practice exercises during whole-group direct instruction was a second 
social organizational method used to encourage students to participate actively in the 
mathematical content of the lessons. The following is an example of controlled practice that 
was undertaken during a lesson on multiplication of fractions in one of our project teacher's 
classes* 
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Ms. Kaye: Divide a rectangle into thirds like this, 



(Ms. Kaye shows 'he students how to draw and divide their rectangles 
by her example or. the board) 



'/a 




2 



Ms. Kaye: I want you to look at the third - shade it in. (She waits for 
the students to shade in their thirds). Now, cut the third you 
shaded into half. (She waits a moment then shades her half 
of the third) 
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Ms. Kaye: Multiplication means you have groups of one-half of a third. 
Now, I want you to tell me what you have. 

The students: One-sixth. 

Ms. Kaye: Write this one, please. One-third times one-fourth. I want you 
to start with one-fourth of a rectangle and shade it in. Then I 
want you to take one-third of that fourth and shade that in. 

The students start working and Ms. Kaye waits for a moment then draws the following 
the chalkboard: 
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Ms. Kaye: That's good. One-fourth cut into thirds tells yu to take one-third 
of a fourth and you now need to find out how many equal pieces 
you have. 

Sally: So you have twelve equal pieces and one-twelfth of that is shaded 

Ms. Kaye: Now I want you to do two-thirds of three fourths. I want you to 
stan out with the three-fourths and 'hen shade it in like this. 

(Ms. Kaye draws the following on the chalkboard.) 
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Ms. Kays: So, now we art talking about twelfths. We have six-twelfths 
andean that be reduced? 

The students Yts, one-half- 

(Ms. Kaye has the following on the chalkboard.) 




Controlled practice exercises, starting-cf-class reviews, and the use of student group 
work encouraged active student involvement and interest in mathematics. It also 
communicated to the students that there indeed were mathematical goals, objectives, and 
purposes to general mathematics. In responding to a question about the rewards of teaching 
general mathematics using these methods one project teacher commented: 

When I think about how hard my job is now, I sometimes think 
it would be a whole lot easier to say, "Here is how you add 
folks." Then give them the worksheet with fifty problems on 
it Then go around and work one-on-one with each student 

It is a lot harder to be up front going at it for the entire class 
period That's a lot more work for me* But it is a lot more 
enjoyable. It takes a lot more time and work to teach die class 
the way I'm teaching it now, but it is definitely more rewarding. 

It is much more rewarding and enjoyable this way. 



Modifying the Content and Tasks of General Mathematics 

There's not die excitement. I'm not sure they're 
really getting all that much out of it [the math] 
because they're not that interested. (A project teacher) 



Researchers found that students and teachers alike thought the content of general 
mathematics was neither interesting nor challenging. Teachers realized that general 
mathematics would be the last chance for many students to become computationally 
competent and master the basic arithmetic skills needed for life. Students expected the 
content of the class to be more of the same reviews they had throughout their years in 
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mathematics. Therefore the content of general mathematics consisted of algorithmic reviews 
of the arithmetic operations of whole number , fractions, and decimals, with an occasional 
attempt at teaching penxnt problems. 

The project staff developed instructional improvement strategies from their readings of 
the literature for this third strategic area that focused on improving the teaching and learning 
of mathematical content These methods included the following: 

1. Focusing on the development of the students 1 mathematical 
understanding through conceptually oriented instruction. 

2. Introducing new units of content that were interesting and 
challenging and enhanced the development of mathematical 
concepts. 

3. Modifying tasks in previously taught content to foster concept 
development and promote the problem solving-goals of school 
mathematics* 

4. Emphasizing the linkages across mathematics topics and between 
manipuiable materials, pictorial representations, aod symbols. 

Improving the content and tasks of general mathematics required our project teachers 
to move from their computational mode of instruction to one which was conceptually 
oriented Units that previously consisted of arithmetic reviews of whole numbers, fractions, 
decimals, and percents were replaced by units of instruction designed to develop 
understanding of mathematical concepts. Activities were concrete manipulative materials and 
pictorial representations of the mathematical concepts replaced drill and practice worksheets. 
For example, when the teachers began a unit on fractions, their students made fraction kits 
consisting of fraction pieces cut from colored circles in the following divisions: halves, 
thirds, fourths, fifths, sixths, eighths, ninths, tenths, and twelfths. After her students had 
used the fraction pieces for a while one teacher said, "I don't think they realize at this point 
that three-thirds is one whole without using the manipultives." The students used the 
fraction kits throughout the fraction unit to help them concretely understand the mathematical 
concepts they were learning (e.g., fraction inequalities, equivalent fractions, fractional 
operations). In addition to using the manipuiable materials to show math concepts, the 
students were also required to draw a picture of that concept For example, when asked to 
name equivalent fractions for one-half they would be required to use their fraction pieces and 
then to draw the pictures to illustrate that the fractions were indeed equal: 
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This strategy wa f continued in the decimal unit when the teachers had students pictorially 
represent decimal concepts on a 100-square grid. The students were expected to show an 
addition of decimals problem in the folowing ways using a picture, the equivalent fraction, 
and the decimal value: 




I 
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1.30 
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When the class studied perc*nts, the 100-square grid used in the decimal unit became a 
100-percent grid. Instruction during the percent unit was linked to the decimal and fraction 
units through the continued use of pictorial representations and activities in which the 
students integrated the fraction, decimal, and percent concepts together. As an example, the 
students in one lesson were asked to draw a picture of given percent, and then to show their 
decimal and fraction equivalents: 
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PERCENT DECIMAL FRACTION 




One project teacher showed her students how to make a 100-percent stick from their 
100-percent grids by cutting a 100-percent grid into rows ot 10 squares each and laying them 
end-to-end The following is an example of the 100-percent stick: 

pTH WM' mmil l ,lllt 1 1 1 1 11111 11 M 

0% "»% 

The 10O-percent stick was used to enhance the development of the conceptual understanding 
of percents. In addition, the 100-percent stick linked the part/whole relationships established 
in the fraction and decimal units to those in the percent unit The following observation 
shows the interaction between the teacher and her students during a lesson in which they 
were locating percent values on their 100-percent sticks. 
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Ms. Kaye: All right ladies and gendemen, I wanted you to color 
in a 100-percent stick, a 50-percent stick, 
and a 5-percent stick. rL00X a -100 * 



(The students did the following on 
their papers.) 



Randy: 
Ms* Kayc: 
Holly: 
Ms. Kayc: 

Christine: 
Ms. .-aye: 

Christine: 
Ms. Kaye: 



How would you do a five-tenths- 
percent stick? 

How wojld you do a five-tenths- 
percent stick? 

That would be just one-half of * 
square. 

Right Ail right, do me a 25-percent 
stick and then follow it with a 
33 1/3-percent stick, 

(Looking at the 33 1/3-percent stick). 
Well, that's just one-third of a stick! 



L 02 



Oh, my gosh! That's a third of it? So, what you are telling 
me is that 33 1/3 plus 33 1/3 plus 33 1/3 equals 99 3/3? 
Well, that can't be right Your answer would have to be 
one hundrecL.you have only 99 3/3. 

Yeah, but 99 3/3 is the same as 100! 

Right How many percerts are there in 2/3? 



Kevin and Randy: 66 2/3. 

Ms. Kaye: Does that mean tliat 12 1/2 percent is one-half of a 
25 percent stick? 

Randy: Yeah, and it is one-eighth because it is half of a fourth. 
Does that mean that 6 1/4 is one-sixteenth? 

(As Randy speaks, Ms. Kaye writes a picture of his description on the 
chalkboard) 
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The interact .on between Ms. Kaye and the students in the observation indicated that the 
students had made significant linkages between percents, decimals, and fractions. The 
interaction also indicated that the students were developing a conceptual understanding of 
these interrelationships. Ms. Kaye described her percent unit in an interview: 

The percent unit was a real total amazement to me this time. 
Part of the reason is because I did sticlr with common percents. We 
did very few things with percents like 17% and 4%, but most of it was 
conceptual. 

I spent two and a half weeks on percents, and two weeks of that was 
really in terms of the concept of percent, not dealing with moving the decimal 
back and forth. I did do that one day to show them that there was another way 
to approach it 

The biggest effect of teaching for the concepts this way was on my role 
as a teacher. It made it easier to teach percents and decimals once the students 
had gone all the way through the fractions. It gave them a much better 
understanding of percents because they had the fraction base. 

It all seems so simple now! 



New units of content were aHded to the curriculum of general mathematics. 
Activity-based units on probability, similarity, and factors and multiples provided the 
students with the opportunity to interact in groups as they worked on problem using a 
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variety of manipulate materials/ Other units on graphing, statistics, problem solving, and 
estimation provided the students with a reprieve from, the "came old stuff* they had expected 
to get; and yet, these units still gave them as much computational practice as they would have 
had on their old drill and practice worksheets. At the end of the year one teacher was asked 
about the improvements she would twnk of making in the content of the curriculum for the 
comin*' She replied, 

I will probably approach it in much the same manner as this year. I 
feel pretty good about what went on this year. 

I definitely like ±t Probability Unit, although I would try to shorten 
it up. It may mean removing some material, or it may mean just moving 
faster through it 

I think that I would probably not alter the percent unit I would like 
to make it more workable. 

I would definitely do the fractions unit again, working with the hands-on 
types of things- I will probably take a long look at tying fractions, decimals, 
t >nd percents together closer than I have, 

Iwilldc estimation again. I think that's important It goes along with 
problem solving and needs to be done intermittendy throughout the year. 

Problem solving is the final goal we're trying to reach. If I can get 
through the other things then that's what I'm trying to get at in the end 

The content and tasks of general mathematics had been modified to focus on the 
learning of mathematical concepts through activities which involved student participation in 
hands-on activity-based math experiences. In addition, teachers and researchers selected 
content and tasks that encouraged more student interaction and communication about 
mathematical ideas, problems, and concepts. Finally, these modifications of content and 
tasks which were implemented changed the general mathematics classes from ones that were 
unrewarding and unchallenging to those where there was a great deal of interest in the 
learning and teaching of mthematics. Some student comments made at the end of the year in 
one of tin project's classes reflected this view (typed as written): 



^The activity based units are references in the appendix* 
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This year I learned how to add, subtract multiply and divide 
traction. I never really understood them before. 

Decimals were my down fall until you explained them in simple 

tunns. 

Last year I didn't understand fractions but now I understand 
them perfectly. 

I learned how to do guess and check. How to read decimals more easily. 
How you make a percent into a fraction or decimal, 

I now understand fractions. I learned an easier way to do percents. 

I learned more about decimals than I did before. And about percents, 
I learned alot more than I use to about degrees and whey they are called, 

I didn't understand how to do changing %'s to decimal and dractions but 
now I think I do. I knew how to do fraction but I didn't know how to reduce very 
good but I think I do now. 

I was always lost on decimals in this year they all been expalined to 
me in a language I can understand. 



Discussion »nd Conclusion 

Overall on on a scale of 1 to 10 this class 
gets a 9 becous no class is perfact. [sic] 

(typed as written by a general math student) 



The General Mathematics Project finished its three years of field work in 1984 and 
completed the write-up of its preliminary findings this fall. The purpose of the project was to 
improve the conditions that make general math classes unchallenging and disliked by teachers 
and students alike. 

Researchers and teachers used literature, exemplary materials, and classroom 
consultation to modify three strategic instructional areas which were conjectured tc be 
necessary and sufficient to improve the learning and instruction in general mathe classes. 
These strategic areas included the following: 

- Selection of m*jnematical content/tasks 

- Communication of the content/tasks with students 

- Organization of students to facilitate instruction. 
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Project results tend to bear cut early conjectures thai modifying the set of three 
strategic instructional areas would improve general mathematics classes; however, teachers 
had to modify all ttaee-as changing only one or two was insufficient Toward the end of the 
project the teachers became aware of the interdependence of the strategic areas and were able 
to develop instructional improvements that were powerful enough to overcome the many 
problems of the general mathematics class. Even when the teachers' instruction did not 
integrate the three tasks, their talk about the successes or problems in a particular lesson 
indicated they wert aware of the interdependence of organization, communication, and task 
selection; "I should have had the students work in pairs so they would talk more about the 
proportional relationship of the sides of similar triangles* 1 ' 

Over the two-year intervention period, researchers found the teachers were 
implementing instructional modifications in the three strategic areas in ways that fostered 
their students' thinking about and understanding of mathematical concepts, principles, and 
generalizations. Descriptions of general mathematics classes prior to and after instructional 
modifications illustrates how the general malthematics classes had been reformed from 
computation-oriented to concept-oriented instruction and learning: 

DilKLinsniGflJffi of mathematics was changed from simple procedural 
demonstrations by the teacher into interactions between class members 
that included discussions of multiple ways of representing math concepts, 
error analyses, and student-generated explanations and examples of ideas 
and concepts. 

Scatworic once consisting of numerous reviews of basic computational skills, 
changed into group activities that integrated manipulable Materials, pictorial 
representations, and symbolic abstractions and linked mathematical concepts 
across and within units of instruction. 

Pass time. onc5 given to the students to socialize with one another, now was 
spent in various mathematical activities such as summarizing the mathematical 
concepts from the daily activity, or reviewing the mathematical concepts of the 
unit 

Based on student participation, teacher assessment, and our observations, the 
researchers judged that in czzli target class worked in, the students and teacher experienced 
educational success-a clear improvement If general math is to be improved a form of 
instructional leadership rarely available today is needed. Researchers did far more than hold 
workshops and seminars for the teachers. It took collaborative planning with chem and 
going into their classrooms, sometimes teaching with them, observing their math lessons and 
giving them feedback (sometimes not so subtly) about the effects of their instruction. One 
teacher said, 
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To have someone else, another adult, in the room who can say, 
"Yes, I saw the same things happening", or "No, I didn't see those 
things happening; here's what I saw happening", I think that's 
very valuable. For teachers, that kind of thing rarely happens. 
We rarely have anyone in our room but us and the lads. 

The teachers wanted and needed extensive discussion and consultation. They were T after all T 
being asked to teach in a completely new way. Continual input is important: You can't just 
work with a teacher for oae year and quit 

Who should provide the continual input? Principals simply don't have the time. We 
believe consultants should come from the ranks of teachers. Perhaps the chair of the 
mathematics department whe would spend 50% of his/her time in classroom consultation 
with teachers. It seems to be an effective way to improve the quality of instruction in general 
mathematics and probably all of school mathematics. 
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Appendix A 
COMMUNICATION 



APPENDIX A: Improving the Quality and Quantity of 
Mathematical Communication 



There were three readings which were of particular importance for the project's 
teachers as they thought about ways to improve the patterns of communication in their 
general mathematics classes. These readings are briefly described below. The other 
readings that were read and discussed by the staff which focus on improving communication 
are also referenced in this appendix. 

(1) Rudnitsky's 'Talking Mathematics with Children", discussed the 
value of dialogues with children in helping the teacher understand 
what the child knew. It emphasized the diagnostic value in 
talking mathematics with children. 

(2) DriscolTs "Communicating Mathematics", considered the signi- 
ficance of the language of mathematics and effective communication. 
He concluded that there were teacher behaviors (i.e. monitoring 
and listening) that would promote such effective mathematical 
communication. 

(3) Jendcs', "Why Blame the Kids? We Teach Mistakes!", discussed the 
misconceptions of children's thoughts about fundamental arithmetic 
operations. He emphasized teachers should focus on teaching for 
conceptual understandings of the arithmetic operations in order to help 
children guide their thinking. 

Readings on Improving the Quality and Quantity of Content Communication 

Anderson, L. (1981). Short-term student responses to classroom instruction. His 
Elementary School Journal. & (2), 100-103. 

Bishop. A J. (1975). Opportunities for attitude development within lessons . A paper 

presented at the International Conference on Mathematics Education, Nytregjaza, 
Hungary. 

Copeland, W.D. (1980). Teaching-learning behaviors and the demands of the classroom 
environment The Elementary School Journal . 80 (4), 163-170. 

Dillon, J.T. (1983). Teaching and the Art of Questioning, Fastback 194. Bioomington, IN: 
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Appendix B 
SOCIAL 
ORGANIZATION 



APPENDIX B: Usiny the Social Organiz ation of the Class 
to Facilitate the Learning of Mathe matical Concep ts 



There were several readings which the teachers found particularly useful in helping 
them think about ways to improve the social organization of the classroom in order to 
facilitate student learning. Brief summaries of these articles are included below, other 
readings are referenced also. 

(1) Fisher and Berliner's 'Teaching Behavior, Academic Learning Time 
and Student Achievement", suggested that small group work provided 
a useful compromise for individualizing content, maintaining 
efficiency and task engagement, and providing social experiences. 

(2) Slavics Using Student Team Learning noted that heterogeneous 
student groups promoted greater on-task behavior, higher academic 
achievement and cooperation than did situations where these groups 
were not used 

(3) Good and Grouws' ''Missouri Mathematics Effectiveness Project 
An Experimental Study in Fourth-Grade Classrooms", reported it 
was possible to improve student performance in mathematics through 
an organized system of instruction. A summary of 'Instructional 
Behaviors" used by teachers in their study included: Daily Review, 
Lesson Development, Seatwork, and Homework. 

(4) Emmer and Evertson's "Effective Classroom Management at the Beginning 
of the School Year in Junior High Classes", noted that more effective 
managers had a more workable system of rules, monitored student behavior 
more closely, were more task-oriented, gave clearer directions, and 
actively instructed the whole class more often than having students do 
seatwork. 

Readings on Improving the Social Organization to 
Facilitate Learning and Instruction 

Arm, A. (1979). Student teams in mathematics class. Mathematics Teacher . 72 (7), 
505-508. 

Bianchard, K., & Zigarmi, P. (1982). Models for change in shcools. In J. Price, & J.D. 
Gawronski (eds.), Changing school mathematics. Reston, VA: National Council of 
Teachers of Mathematics, 36-41. 
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Appendix C 
MATHEMATICS 
CONTENT 



AFffSNDDC C: Modifying the Content/rasks of General Mathematics 
to Enhance the Learning of Mathem atical Concepts 



Several readings from this selection were useful to the teachers as they set out to select 
the mathematical tasks for their classes. These are briefly described below. Other readings 
studied by the teachers regarding the mathematical content are referenced also. 

(1) DriscolTs "Understanding Fractions: A Prerequisite for Success in 
Secondary School Mathematics", noted that students did not see the 
flexible nature of fractions, expressed as measures, quotients, ratios, 
or operators. Teachers must encourage students to verbalize and 
engage in classroom dialogues to develop a Ml understanding of fractions. 

(2) Berman and Friederwitzer's Teaching Fractions Without Numbers", 
emphasized die importance of using concrete materials during the 
development of the concept of fractions. The use of fractional 
circles was suggested as a way to broaden the concept development 
of fractions. 

(3) Carpenters "N.A.E.P. Note: Problem Solving", recommended that 
specific attention should be given to the teaching of problem solving 
strategies. In addition, problem-solving should be an integral part of all 
instruction, i<ew mathematical topics should be cast in a problem solving 
framework, and students should be guiaed into problem solving by :he teacher 
asking a number of unobtrusive questions. 

(4) DriscolTs "Estimation: A Prerequisite for Success in Secondary 
School Mathematics", suggested teachers teach students to value 
estimates in their own right as distinct from exact answers. 
Estimation skills should be taught on a regular basis. 
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(7) The Middle Grades Mathematics Project's units on Similarity. Probability, 
and Fy ft yp f" 1 ** Multiples provided Pamela with materials and strategies 
which were modified and implemented as new content units for her students. 



RCMft n ff* 2D MnHifving the Mathematical Content 

Anderson, R.D. Arithmetic in the Computer/Calculator Age, National Academy of Science, 
Washington D.C. 

Berman, B., & Friederwitzer, FJ. (1983). Teaching fractions without numfcwrs. School 
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Bruner, J. (1971). The relevance of education . New York: Norton, 108-117. 

Butts, T. (1980). Posing problems properly. In S. Krulick, & R. Reys (eds.), Problem 
solving in school mathematics . Reston, VA: Association for Supervision and 
Curriculum Development, 23-33. 

Carpenter, T. (1980). N.A.E.P. Note: Problem Solving. Mathematics Teacher, 73 (61 
427-432. 

Driscoll, M. (1983). Estimation: A prerequisite for success in secondary school 

mathematics. Research Within Reach: Secondary School Mathematics. Washington, 
D.C: National Institute of Education, Department of Education, 58-90. 
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school mathematics. Research Within Reach: Secondary School Mahtcmatics. 
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Mathematical Materials Reviewed 
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Addison- Wesley Publishing Co.: CA. 
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GENDER BIAS AND NEGATIVE NUMBERS 



William /♦ Frascella 
Indiana University at South Bend 

Anyone who has tried to help students understand the concepts of absolute value and 
square root in an algebra class knows how difficult it is to get them to see that '1x1 = -x' and 
are not always true. The resistance of the mind to see that the symbol Y can 
denote a negative number is so strong that algebraic slips of this kind are still being made by 
students in college mathematics and science courses. 

This belief-that Y must represent a positive number-is often a deeply entrenched one 
and the factors which are responsible for its appeal do not easily surface for critical 
examination. I think the time to deal with the problem is early in the students' acquaintance 
with the language of algebra when they begin to develop a belief about what the simple letters 
Y, y, etc. can stand for. To begin a discussion of this topic I would like you to consider 
the following paragraph about a certain brain surgeon: 

Dr. Hardcutt, a brain surgeon for some twenty-three years, had performed 
this operation over fifteen times; yet, the five hour procedure never really 
became routine. It was always gruelling, and almost always involved 
several on-the-spot decisions upon which the successful outcome of the 
patient depended Today's operation was an especially tough one: much 
that was unexpected turned up. Everyone in the OR knew Hardcutt was 
under extreme pressure almost every minute of those five hours. The fact 
that the patient was ths doctor's best friend loomed large in everyone's 
mind-not the least in Hardcutt's. Nonetheless, the operation was a success 
and Hardcutt, breathing a profound sigh of relief, went directly to the 
doctors' lounge and poured herself a richly deserved gin and tonic. 

I suggest that for many readers of the above paragraph the last sentence offers at least a 
mild surprise as it reveals Hardcutt to be a woman. That Hardcutt is often assumed to be 
male is connected with a large set of beliefs about gender and social roles. What is going on 
here is not that different from the expectations of many students that '1x1* can never equal '-x' 
and '/x 2 ' can always be identified with Y. In these cases students assume that the symbol 
Y must represent a positive number. From this assumption all manner of mischief follows. 
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I should mention that alongside the assumption that V must represent a positive 
number is the just as fallacious premise that '-x* must represent a negative number. To 
enlighten students on these matters the algebra teacher must get them to see that these 
assumptions are active and alive in their thinking. This task would be much like getting 
readers, who couldn't envision Dr. Hardcutt as a woman, to see that they are laboring under 
unwarranted assumptions. For example: All brain surgeons are male. 

The Pedagogic Problem 

The problem we are facing is to get our students to see that the simple leters of algebra, 
Y t y, f a' f T>\ etc., do not have to represent just positive numbers and, likewise, these 
same letters prefixed by a minus sign, i.e., -x\ -y\ -a\ *-b\ do not have to represent 
negative numbers. The key to understanding this problem is to observe that these latter 
symbols are seen as being constructed from a simple letter by the linguistic operation of 
prefixing a minus sign. We could say, just in terms of notation, that the symbol -x* is 
constructed from the symbol 'x'. In other words, the existence in the language of algebra of 
the symbol -x' depends upon the prior existence of the symbol *x\ 

Positive and Negative Numbers in the History of Mathematics 

With this in mind it is easy to see why 'x* gets associated exclusively with positive 
numbers while '-x 1 with only negative numbers. The history of the concept of negative 
numbers in mathematics is an account of an idea that usually makes its appearance only 
within frameworks where positive numbers are taken for granted. And even in these 
circumstances negative numbers are still denied the more important status that their positive 
counterparts enjoy. Negative numbers make one of their earliest appearances in mathematics 
as unexpected and unwanted intruders into the process of solving algebraic equations. 
Nonetheless, they keep turning up as roots of these equations intimately connected with the 
sought-for positive solutions. They could not be ignored. In keeping with the male/female 
analogy introduced earlier, one might say that the persistent presence of negative numbers 
were forcing mathematicians to create a kind of women's auxiliary* number system for 
negatives that could be attached to the standard system for positives. It is not until the 19th 
century, with the advent of the new field of modern abstract algebra, that number systems are 
developed and accepted that treat both positive and negative numbers as logically 
commensurate. 

L 16 
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But the key word here is "logically". Though regarded logically equal for the past 
century negative numbers are still taught and thought about as second class citizens whose 
existence depend upon the positive numbers. This view is reinforced by the fact most 
definitions of the negative numbers rely on a prior definition of the positives. The positive 
numbers are seen as intuitively simple, having a mere immediate connection to reality, while 
the negative numbers are viewed as more complex and abstract whose connections to the 
world must be mediated and justified by the positives. In general, one constructs the 
negatives from the positives. 

I also contend that our students internalize this relationship of dependency between 
positive and negative numbers. When you consider the fact that our students see both the 
x/-x and positive number/negative number relationships of dependency as profoundly similar 
it is little wonder that the symbol V comes to be associated exclusively with a positive 
number while '-x' with a negative one. I think this kind of identification is largely an 
unconscious process that is responsible for many student missteps in the language of 
algebra. The fact that our students are often taught to read '-x' as "negative x" doesn't help 
the situation. 

The problem we are facing in the classroom can now be looked at as one of breaking a 
misleading association. A way of doing that would be to go to the other extreme and assign 
certain exercises that require that the simple variable letters of algebra refer only to negative 
numbers. This would be like making an author use 'she' as the generic third person singular 
pronoun throughout all of her writing. I think these kinds of exercises could be periodically 
assigned over an entire semester with the expectation that the symbol V will eventually 
come to be thought of as something which refers, without bias, to both positive and negative 
numbers. 




Prime Puzzle 



There is a message hidden below. Cross out the letters in the boxes 
containing numbers that are not prime numbers to discover the 
message in the remaining boxes. 
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PROPORTIONAL REASONING 



Magdalene Lampert 
Michigan State University 

I want to tell you a little bit about what I do so that you know where what I have to say 
is coming from. I've been a math classroom teacher for the last 5 years, I also taught 
several years, at a point earlier in my life. Before I came to Michigan State I was the 
curriculum coordinator in a small school outside of Boston. This meant I taught three groups 
of children and I oversaw all the teachers who taught the same grade. I also, on the side, 
taught some college courses to pre-service math students, who wanted to be teachers at the 
middle school level. When I came to Michigan State, I realized that although there were 
certain things that appealed to me about being a university professor, I did not want to give 
up either teaching kids or working directly with teachers, preferably in a school setting over 
time. Since that is a popular thing to do these days, I was able to negotiate with my dean to 
consider teaching fifth grade an hour a day as part of my university load. A lot of what I 
have to say about teaching and learning is quite grounded in the fact that I teach kids 
everyday. I also run something called the teacher study group on mathematics in East 
Lansing. It consists of elementary and middle school teachers who get together once a week 
and do math . My assumption in running that group is that one of the reasons why math is 
taught poorly is the people who teach it never have the opportunity to learn very much about 
it Rather than starting with how to teach math, I'd like to give teachers the experience of 
what math is. I'm sure as a lot of you know, some beginning teachers have a rather limited 
notion of what math is. 

Some of the work on proportion and proportional reasoning that I am going to talk 
about today comes out of my work with that teacher group. I decided to focus on that partly 
because you are people who will leave here to work with other teachers. We're going to start 
by doing math problems. This problem is particularly appropriate for today's weather. I'd 
like you lo put your pencils down. Take problem number 1 and the diagrams that are on the 
pages, and try only to do problem number one, without using a paper or pencil. Try to think 
it through. See where you go with it. 
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Drawings are not accurate to scale. 



Problem #1: In the "home pool" a regular swim session consists of 
swimming 60 lengths* What would be the equivalent 
distance in lengths (approximately) in Pool //2? 
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Once you've thought it through, and you feci quite content with what you've done* Fd 
like you decide if there is another strategy for figuring out the problem. Or, after you finish 
figuring it out, yoa can just sit and daydream about being in a swimming pooL 

Well take time to discuss this, but for now take time to work on it on your own. 
This problem comes from the experience I have. I swim everyday, and ordinarily I swim in 
Pool number 1. I swim back and forth, back and forth, and I consider a reasonably good 
swim session, 60 laps. I travel a lot and I find myself in a lot of different swimming pools, 
wanting to have an equivalent swim. Many swimming pools don't have a clock. It's not 
possible to just swim for half an hour or 45 minutes. It's surprising how little the people 
who run swimming pools know about the dimensions of the swimming pool they run. You 
might ask them, how many yards in this pool? They'll say I don't know. I couldn't depend 
on swimming the same length all the time. I confronted this problem in Pool number 2. I 
tried to figure out how far I should swim in order to have the same amount as I did in Pool 
number 1. Obviously, I was swimming along trying to figure this out and didn't have paper 
and pencil. I found there are lots of different ways of figuring this out Fd like you to 
discuss with the person next to you, what you thought about when you looked at this 
problem. [Several minutes of discussion in groups of four]. 

I hate to cut off a discussion like this because I hear a lot of good math tu : going on. 
People are looking at things from a perspective other than the one they started with. 
Although that is not the focus of my talk right now, I want you to realize that this is a very 
useful thing to do if you're a math teacher. Remember that part of what you're having to do 
all the time is to try to figure out what a child might be thinking when he gives you a certain 
answer that isn't what you expected, but might in fact make sense. As I was walking 
around, I heard a variety of things. I would guess, if I wrote some of these things down on 
a piece of paper and showed them to a stranger, he might think that all of you were working 
on a different problem. That's land of interesting, because often times when math problems 
are presented in school, the teacher will say, this chapter is about "x" and the problems at 
the end of the chapter are about how to apply whatever "x" is to word problems. All the 
problems are about the same thing. 

Let's look at our problem. Here are some of the things I heard people say: 

"The whole swim takes 720 strokes in this pool, so 120 divided 
by 3 is 40... well, I got 37.5 but that doesn't make sense..." 
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'This pool is smaller, so it has to be less than the other pool...so..." 
"If you divide this, you go 20 and 20,..." 
'This one is half bigger than this one..." 

A lot of later discussion that I heard as I walked around the room was people trying to 
explain to other people why they said this one's half bigger when other people said, this one 
is 2/3 of this one. It seems like it should be either halves we're talking about here or thirds. 
I wondered where you got in your discussion about justifying how you could be talking 
about halves and thirds in the same problem. Here's an issue: Is it legitimate to divide one 
of the pools into thirds and the other pool into halves? What's that about? Why can you do 
that or not do that? 

It seems 20 was an important number in many of your solutions. Twenty is half of 
pool #1 and 20 is a third of pool #2. We have 20 and 20 and 20 in sombody's head and 6 
and 6 and 6 in sombody elses head. Kow can they both be right? Now you said in one of 
these pools you do one and a half times as much, as much what, exercise? So does that 
mean you do more exercise or less exercise? The unit itself keeps changing. That's what 
we're talking about What about this person who said, "I got 37.5 but that doesn't make 
sense"? What do you think the person was thinking? John just explained that it seems that 
the second pool is 37 and a half or 37.5 yards and you can figure that out because, half again 
as many strokes. Did anybody actually set up a proportion at any point in this problem? One 
of the reasons I said don't use paper and pencil is because I wanted you to approach the 
problem without even thinking of this as a proportion problem. John explained that once 
you get 37 1/2, you're not finished. What did he mean? 

One of the problems with the way problem solving is taught in school is that kids will 
get 37 1/2 and stop. That is more likely to occur when there is no context around the 
problem., if there are no feet, inches, laps, yards, swimming pools, anything to thixu: about 
It is the context of the swimming pool that helps you think about the question: "Why 
doesn't 37 1/2 make sense, as the answer"? For one thing, you'd be in the middle of the 
swimming pool, since the answer is supposed to be in laps. You might think, does that 
mean I'm wrong if I come out in the middle of the swimming pool? Not necessarily. Is 
there anything else there that might make sense to you? If we have a pool and you think it's 
37 1/2 and you say, that's the length of the pool. That makes sense. The pool could be 37 
1/2 yards long. 




Another bit of important piece besides context is the value of having discussions in 
math class* There ire some studies that have found one reason why kids drop out of math 
classes in junior high and high school is because there is never any discussions and they 
never get to hear what other people think. There is an assumption that everybody should be 
thinking the same way and that way ought to be the way the teacher thinks. We know this 
room is full of very competent and successful math teachers. Yet different thinking did 
occur. How would vou feel, if I came in heie and said there is one way to do tliis 
problem, and explained to you how to do i; and it wasn't the way you would have 
approached the problem. You think: "I don't know what this lady is talking about, I had it 
all figured out doing it this way." For this reason, discussions in math class can be 
productive, interesting and learning experiences. There is also a lot of research on classroom 
management and organization, studies about what students remember from discussions, and 
how the style of the discussion and the status of the students who speak contributes to others 
learning from the discussion. It has been found to be the case in classrooms that students 
target who they're going to listen to and who they're not going to listen to based on their 
sense of who the teacher thinks is smart One of the things that a teacher can do about that is 
to be iess public about who the smart kids are and who the not so smart kids are. The 
research also shows that in classrooms where any answer was acceptable, students didn't 
learn to listen to anybody. They figured there's no point in listening to the discussion 
because there's nothing I'm supposed to learn from it, since every answer is acceptable. On 
the other hand, if the discussion occurred in the classroom where the teacher asked a 
question and there's obviously only one right answer, then the student only listened to the 
kids they knew always gave the right answers. If the discussions occurred in classes where 
the discussion was bcth focused in the sense that the teacher didn't accept everything, then 
there was a broader range of listening and leaning in the classroom. I think that's a really 
important distinction to think about when you try to have a discussion of a math problem. 

Now back to the proportion problem. Somebody said when they got 37 1/2, "That's 
not a nice number'*. The assumption is that problems are alvr.ys supposed to turn out with 
nice numbers. As you can see, the next problem 15 strokes equals 1 length. Since you've 
worked through one problem, ycu can also figure it out that this is going to come out to a 
nice number. Anybody want to talk that through. Have you thought about the next 
problem? How would you bring what you discussed on problem number 1 onto problem 
number 2? Why don't you do problem number 2 at your table? [Several minutes of 
discusjion in groups of four]. 
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Drawings are not accurate 



Pool 

home poo t 




II strokes = | 




Problem #2: 

What would be the 

equivalent in Pool #3? 
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Let's do an overall summary of some of the things that all of you were talking about 
In the first problem, you can see that we swam one 12-stroke length (see diagram) and then 
half a length again to get to 18. 




Where in the third pool you swam one 12-stroke length and a third of a length again. When 
you came back, in the next lap, to get to the other end, like you did in pool 2, you have to fill 
a little part of a lap, which nicely works out to be 4. It's a third again as much. Now you 
have another whole lap that takes you 8 up and then you have to do 8 again and 4 and so on, 
until you get a third. So in pool #3. the proportions again lead to a solution that is a "nice 
number". 

I would like to challenge you to take these problems home, and suppose there was 
another pool, pool 4, that took 17 strokes. I would hunch that listening to what you did, that 
those same steps will not work for 17. You would not be able to use the same strategies as 
you did for the 'nice number" proportions. 

I now want to talk to you more about kids thinking about properties I want to tell you 
a little bit about some work that has been done about kids doing proportional reasoning and 
where their reasoning breaks down. I think you can see that moving to 17 raises a lot of 
difficult issues here. I think we should at least put the question on the table, whether we 
teach kids in a way that enables them to solve this kind of problem or not, to do proportions, 
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whether the o umbers are nice or net A large number of people could do problems with 
pools 1,2 and 3, where the numbers are "nice", but when you throw 17 in there, they would 
say: "I don't know how to do that" You can't reason it through in the same easy way as 
you reasoned through the first 2 problems. When there are nice numbers you can say, 'It's 
just 1 1/2 bigger, and the answer is just 40". There's something really basic and reasonable 
about that But when you throw 17 in there, it can't be reasoned that way; you have to do 
some pretty complicated arithmetic in order to solve it 

In England, researchers have done a study of several thousand 1 1 to 15 year old kids, 
testing them on a lot of different topics including what they could do with graphing, 
decimals, operations on whole numbers, fractions, proportions, algebraic expressions. Fm 
going to talk to you on the proportion part They gave written tests to 2277 students, all over 
that country and the world, suburban and urban schools, who had been taught in everything 
from the most traditional to the activity centered, open classroom type of situations. They 
tested them year after year, to see how they improved or not and how they did on these 
proportion problems. The purpose of this was essentially to learn more about what do kids 
know when they get through middle school in England The researchers were interested not 
only in how many questions did they get right or wrong, which seems to be the only kind of 
test that we give in this country, but what did they actually do> why did they do it where did 
their thinking bre ak c own and where did they start making mistakes. 

The following problem is a type included in the test on proportional reasoning. 
Given this recipe for serving 8 people, how would you adjust the ingredients to make the 

6 cups flour 
2 oz. butter 

7 tablsp. sugar 
1/2 can milk 

same recipe for 4 people? They found students did pretty well on that kind of question. 
They went through all the ingredients and they were able to know proportionally that you'd 
use half. Because you half the number of people, the amount of each ingredient should be 
half. The next question on the test was, what if you were doing the same recipe for 6 

ci c 

people. It's still a pretty nice number. They found the kids did not use the proportion g 
Instead what they did was similar to what you did on the swimming pool problems. They 
said well, 4 is half, so what I have to do is take half, and then take half of that again and that 
will give me how much you need for 2 people and then you add what you need for 4 people 
to what you need for 2 people and youU get the answer. They did reasonably well. Eighty 
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per cent of the kids got it right for the whole number ingredients. But 20% of the students 
were able to do those operations with fractions. So the reasoning is there. The mathematical 
thinking is there, but computational skills were not there. Many students simply did not 
know how to take half of a half of a half and even if they jot that far, they then had two 
fractions that had different denominators and they didn't know how to add 1/4 and 1/8. 
Although they had all the thinking, they couldn't do it They couldn't figure out what to do 
with the 1/8 and 1/4. 

There are other examples In this research that show that once the numbers are not so 
nice, once the fractions look more like 5/3 and 1/2 or 2/3, then these really nice reasoning 
skills don't wort A lot of this work is done by a British woman named Kathleen Hart. A 
French researcher, Gerard Vergnaud, is interested in the same sorts of issues. He has also 
done an enormous amount of work watching how students do proportion problems and 
studying how you can teach them to do proportion problems successfully. What he finds is 
a lot of good reasoning, especially if kids get to the point where they can set up a chart. 
With the help of a chart, they can think the problems through. But when they get to big 
numbers and their computation skills break down, the chart doesn't help much. If they can't 
multiply 682 by 530 and then divide by 72, they can't figure it out, no matter how good their 
reasoning is. E* r en with the use of calcuators they found they were not able to use big 
numbers. Not because they didn't know how to use calculators, but once you throw out a 
big number, they couldn't figure out what to multiply by and what to divide by. It was no 
longer a situation where reasoning capabilities served well enough to work through the 
numbers. Now, that raises a million interesting questions about what you want kids to know 
and what we want to teach them in order to be successful in proportional problems. I 
certainly am an advocate of having to think through problems rather than simply picking 
numbers and performing algorithms on them. I think we all should be aware, however, that 
thinking serves a certain set of problems but not all. As teachers have to be able to make 
decisions as to how far you want to go with letting students think it through, versus using a 
formula and teaching them computation. 

I have summarized this research on how students think about proportion and what 
strategies are successful in teaching them how to do proportion problems for you on the 
following page. I hope that your own experience with the swimming pool problem here 
today helps you to take sense of these findings: 
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FACTORS THAT HAVE BEEN FOUND TO CONTRIBUTE 
TO STUDENT SUCCESS IN SOLVING PROPORTIONAL REASONING PROBLEMS 



Students are successful when they have: 

NUMBER SENSE - i.e., they are able to figure out and talk about relationships 
among numbers, able to approximate and have good judgement about 
the appropriateness of answers to computations. 

COMPUTATIONAL J>KILL - Le., they can recall number "facts" automatically and 
have workable algorithms at their fingertips for doing all operations 
with fractions, decimals, and large whole numbers. 

ASSOCIATION OF NUMBERS WITH QUANTITIES - Le., if problems are stated 
in terms of a meaningful context, and students are able to explain what each of 
the numbers used in the process of arriving at a solution means in terms of 
the context 

DIAGRAMS AND CHARTS - i.e., if students can translate the written text of a 
problem into a format which shows the relationships among the numbers in 
the problem so that known relationships can be used to find unknown 
quantities. 



FACTORS THAT GET IN THE WAY OF STUDENT SUCCESS 
WITH PROPORTIONAL REASONING PROBLEMS 

Students have naufclc with these kinds of problems when they have: 

LIMITED WAYS OF THINKING ABOUT WHAT A NUMBER WRITTEN IN 

FRACTIONAL FORM CAN MEAN students who have only the "pie model" 
for interpreting the relationship between the numberator and denominator 
of a fraction will have a difficult time using fractions to solve pro- 
portion problems; the "unit" in these problems is not a stab ? e quantity - 
it changes depending on what "unknown" is needed 

MECHANICAL APPLICATION OF A FORMULA TO TRIADS OF NUMBERS - 
formulas that are not understood are not remembered and cannot be applied in 
novel circumstances; associating "solving a problem" with plugging a number 
into a memorized formula to get a numerical answer does not get students 
very far beyond succeeding on the test at the end of the chapter on "Ratio 
and Proportion". Simply learning where to plug in the numbers to 

3 c 

r = ^ does not get students very far in solving problems. 
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MATH ANXIETY 



Madeline Masterson 
Lansing Comn^iruty College 

My personal involvement with the topic of math anxiety is with the Math Lab at 
Lansing Community College. Our laboratory services about one thousand students per term 
in four developmental courses. Those courses are Arithmetic, Pre-algebra and Algebra I and 
II which correspond to hi** school algebra. We attract many adult students, the average age 
for students at the community college is twenty-nine. We have noticed over the years that 
many students display anxiety in doing mathematics. We try to address this problem. What 
we have found is that our adult students are afraid of math. They are afraid of modern math. 
They are afraid of failing. They are afraid of succeeding. They think that being good in 
math is a different breed of person. They idealize math. They feel that they art at fault and 
that they are never going to learn iL They never have and they think they never will. They 
feel that they are the only one with this problem. Really, it is not just their problem because 
obviously it started a long time before. It is a shared problem. They are the product of the 
public schools and their homes. V/e find that we have to address these attitudes they have 
toward mathematics as well as the deficiencies they have in their skills before they can be 
successful. 

To understand any topic it is good to put it in a historical perspective. We will look 
at some research in math anxiety, some programs that have been developed and some of the 
preventions that can be incorporated into classrooms. Probably all the work that has been 
done in math anxiety has been done in the last fourteen years. The phrase was not used 
much before thaL The term matho-phobia was used somewhat before that time by math 
educators, long before the feminists discovered math anxiety. It's really not a new 
phenomenon that people are afraid of mathematics. It's just recendy become of great 
concern. It used to be tolerable because there were plenty of jobs available that did not 
require much mathematics. That is no longer the case. We find we don't have the luxury of 
enough people with a mathematics background. The major catalyst for this change of 
concern was a study published in 1973 by the sociologist Lucy Sells. It's a well known 
study quoted by many. She was doing her doctoral thesis in Berkeley at the time and studied 
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entering freshmen. She found that 57% of the entering male students had four years of high 
school mathematics where only 8% of the female students had four years of high school 
mathematics* The study was done some time ago, but keep in mind that Berkeley attracts a 
strong academic population. What that meant was that 92% of the women had cut 
themselves off from three quarters of the majors at Berkeley at that time. Lucy Sells 
concluded that high school mathematics was "the critical job filter". The conclusions brought 
a lot of attention at that time, She subsequently went to the University of Maryland and five 
years later confirmed her thesis when she analyzed job recruiters. She found that 75% of the 
job recruiters would not interview students unless they had one term of college calculus. So, 
prior to these studies even though math avoidance was being acknowledged by math 
educators as characteristic of certain groups, like women and minorities, not much had been 
done about it The concern for general low achievers had been producing remedial 
programs. There was then a more intense analysis of math anxiety and math avoidance, 
among women in particular. A feminist educator Shelia Tobias helped establish in 1975, the 
first math anxiety clinic at Wesley an University. Later she published her well-known book 
Overcoming Math Anxiety. It is particularly helpful in assisting teachers that are trying to 
recognize their own math avoidance and the subde ways that they communicate it to their 
students. Another excellent book written by Kogclman and Warren is Mind Over Math. We 
have frequendy recommended this to our community college to read The book is very 
readable and we have found that many of our students are helped by it. It is sometimes used 
as a textbook in math anxiety classrooms. Another book that compliments the other two is 
Math Anxietv: What It Is and What To Do About It written by Charles Mitchell. He 
emphasizes the physical and biological aspects ot math anxiety. He also gives a 
desensitization strategy. Since then a number of other educators and researchers, those 
whose particular interest is in women's education, adult education, and equal access 
opportunities for minorities have begun to take some action to correct the difficulties in 
studying mathematics. The federal government has funded research on sex related 
differences and race-related differences in mathematics enrollment and achievement patterns. 
Elizabeth Fennema is a well known name in this area. She is a psychologist at the 
University of Wisconsin and has done numerous studies on sex related differences . I want 
to take a closer look at the results of these studies later. 

I thought before we go any further we should examine what exactly is this 
phenomenon called math anxiety. It can defined as the fear of being inadequate in 
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mathematics, which includes avoiding doing mathematics. Matho-phobia has been defined 
as an "irrational and impeditive dread of mathematics". The terms mathophobia and math 
anxiety axe used interchangeably u describe this irrational fear of mathematics which is not 
under a person's conscious control. Note there is no indication that the person is 
incompetent in mathematics. 

Anxiety is a form of stress. Very little learning takes place in the face of intense 
anxiety. It's the anxiety that gets in the way of learning. Everyone needs or thrives on a 
moderate amount of stress to enhance performance. But excessive stress that does just the 
opposite. The stress is excessive when the person does not see any effective alternative way 
to react We see some people who consider math as being distasteful and some who have a 
real paralyzing fear of mathematics. They will sit in misery in the classroom knowing that 
they are going to do badly, unable to help themselves. They develop even stronger 
adversions to mathematics and a vicious failure cycle takes place. The problem is not gone 
until some intervention takes place. 

The number of people affected by some level of math anxiety is estimated to be the 
majority of the adult population. It includes many otherwise well-educated people, people 
that can handle frustrations and stress in other parts of their lives but who are unable to cope 
when it comes to mathematics. 

There are a variety cf reasons why a student will develop this emotional as well as 
intellectual block. Although matho-phobia or math anxiety is most apparent on college 
campuses, it has its beginnings in elementary school and secondary classrooms. It may be 
less obvious then in pan due to the fact that students :ar get along with passing grades for a 
long time without ever really understanding what they do. A. student who has been allowed 
to rely on the "memorize what to do" approach eventually runs into trouble. They reach the 
point where they don't have the background to understand It becomes a problem when they 
have nothing to build on, I think the number one cause for math anxiety is the educational 
system itself, the teaching methodologies used to convey basic math skills to young people. 
J. Greenwood has an article in the Mathematics Teacher which he devotes to this particular 
aspect of the causes of math anxiety. He says, "The real source of the tuath anxiety 
syndrome is that the skills are too often taught using the 'explain, practice, memorize', 
teaching technique. This methodology isolates facts from reason and from the process of 
problem-solving itself. It concentrates on procedures of producing answers and is not 
particularly concerned with the developing of logical thought process nor the type of 
reasoning that is at the basis of computational mathematics". 
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For cause number two I would cite parental attitudes and expectations. They cannot be 
underestimated even if they are not displayed in an obvious way. If a parent does not 
perceive themselves as being good in math, they then do not expect their children to be good 
in math. After all, we expect our Irids to be like us. Therefore those lads are going to fulfill 
those expectations. Another interesting point is that most parents have higher expectations 
for their sons than their daughters in mathematics. There are several studies that show 
parents encourage their sons more than their daughters toward the study of mathematics. In 
addition the consequences are even greater when the parents provide different activities 
outside of class for their sons such as building models, science experiments, ar J many 
others that influence what goes on in the classroom. 

Somewhat surprising is that much of this same type of parental attitude occurs in the 
classroom teacher. In addition to an indifference toward mathematics on the part of 
teachers* girls are allowed to drop out of mathematics at an earlier age than the boys. 
F imerous studies have shown that teachers do not interact in the same way with boys as 
with girls. Teachers differentiate between students on the basis of sex through their 
behavior, their beliefs, and through their expectations. This happens in such a subde way 
that many teachers are not aware of it 

Differential classroom experiences seem to influence mostly the development of the 
students internal motivational beliefs. The conditions of society influence the school 
environment and this environment in turn affects the students 1 belief system It is the 
students belief system that is at issue here. Teachers have so much influence, putting them in 
a very unique position. Therefore our third cause for math anxiety is teacher influence and 
treatment of students. 

The last major cause of math anxiety I will mention is the negative feelings about 
mathematics that come out of gender difference. Many studies show that in elementary 
schools and middle schools we have little difference in achievement in mathematics and 
where it does exist, the girls are better. At the secondary level there is a heavier amount of 
evidence that the boys out-perform the girls. There is a real turn around from middle school 
to high school Even wlisn there is no difference in terms of achievement, girls perceive 
themselves as not having the same ability, they underestimate their ability, they have a lower 
vision of their own achievement compared to boys. Girls are more prone to "learned 
helplessness". "Learned helplessness" is not necessarily coinparable with achievement You 
could have a girl that is achieving very well but has learned to be helpless and has learned to 
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feel anxious. There are many studies to support this. Sterotyping math as a male-domain is 
setting the stage for adult female math anxiety. It is evidenced by the fact that most of the 
enrollment in math anxiety classes is female. You see very few men enrolled in math 
anxiety courses. An interesting study showed a relationship between general anxiety and 
tn;*ai anxiety. It found that men f s math anxiety was very much associated with general 
anxiety and women's math anxiety was not In other words, if a man is math anxious it's 
probably because he is anxious anyway, but if a woman is math anxious it is more apt to be 
the math that produces the anxiety. 

There are a number of programs that have resulted from these studies: programs for 
adults, students, teachers and integrated programs. The ones that I know best are the adult 
programs which I think are very interesting to examine. For adults there are literally 
hundreds of math anxiety clinics, courses, programs, mainly on college classes. Most have 
been very successful in helping adults overcome math anxiety. There are several math 
anxiety scales that have been used to document the success. 

Most programs confront the myths about who can do mathematics and why. There are 
two different approaches in the adult programs. One approach is the counseling approach. 
In the counseling approach attempts are made to restructure the psyche of the learner. These 
are modeled after the "Mind over Math" workshops where one has to spend time at the start 
in self-analysis. You have to recognize the adverse, negative reactions you have to math and 
acknowledge the influences of the past in order to go on to confront the present. The 
negative teelings are vented and accepted. Some programs will include basic mathematical 
concepts or story problems. Some programs will have relaxation strategies to deal with 
physical symptoms of anxiety. Sometimes there arc support groups that run concurrently 
with math classes. There is a strong effort to replace the "I can't " concept with the "I can" 
concept Many of these programs are taught by two people, a learning counselor and a 
mathematics instructor. 

Other types of programs nme an effort to teach math in new ways, fhese programs 
are not trying to restructure the learner are trying to restructure the math. The idea is that If 
the adult never learned math the first time through, why give them a rehash of it all over 
again the same way. We need to find some new ways to provide positive experiences for 
them in mathematics. The concepts are made more interesting, spatial skills are learned, 
visualization ability is stressed, manipulative? are used with adults. A positive, supportive 
enviroi » jcm is provided. The psychological component or counseling is at a minimum or 
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eliminated. This type of course is generally given through a math department The other 
type is given through a counseling department I observed the second type in California 
where I visited many math anxiety programs. There are evaluations showing both types 
of programs are very successful but I haven't seen any studies comparing the two. The 
enrollment in these classes are usually very low, however. 

There are also a number of excellent programs directed toward teachers. A couple of 
programs are for preservice elementary teachers, a very crucial area to attend to. The 
EQUAL'S program in Berkeley, California is directed at inservice K-12 teachers and is 
excellent 

There are even more programs for students. To mention a few, "Project SEED" for 
the disadvantaged, Math for Girls, which is an after school program, Family Math, career 
awareness programs, and visiting women scientists. 

Aside from programs, what can be done specifically in the classroom? Since math 
anxiety is a learned response to a negative experience then we should be able tc prevent it 
This is where many teachers have good ideas about providing a positive environment Be 
sure to dispell the idea that only "special" people can do math. It does only seem to be an 
American myth that those people that can do math have some son of innate ability. Weneed 
to eliminate the following math myths: 

1 . Everyone understands math - except me. 

2. Men are better at math than women. 

3. When it comes to math you cannot trust your intuition > 

4. There is only one correct way of solving each math problem. 

5 . L's bad to count on your fingers. 

6. To be good in math you must do problems quickly. 

7. It is important to do mental arithmetic. 

8 . You can't learn from your mistakes. 

9. Math requires a good memory. 

10. Math is done by working intensely until the problem is solved 

11. Some people have the flfi of a math mind 

12. There is a magic key to math. 

Some things that can be done to ease math anxiety include having students work in groups, 
encourage all students to give answers, and tanphasize the thought process. We also need to be 
careful about how we talk to our students. Don't say things like "that s an easy one", "you did it 
the wrong way", "you should know that". Students often interpret these things as a put down. 
When students give answers but can't explain it, sometimes it is better to ask another student how 
they might have gotten the answer. This would continue to encourage the intuitive mathematician. 

Much discussion followed about tracking, math anxiety, improvement of skills and many 
other related topics. 
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Which Is Best? 



You are given two hats, two white marbles, and two red m?rbles. 
Which arrangement of the two white and two red marbles in the 
hats gives the best chance of drawing a white marble? 
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TEACHING GIFTED AND TALENTED 

Bruce Mitchell 
Michigan State University 

Today I would like to talk with you about teaching gifted and talented kids in middle 
school I'm very much involved with honor sndents 'n mathematics. Let me start by telling 
you what that means* One reason that I became involved with these students is a program 
called Dimensions which was started last year and is in operation again this year. Criteria for 
involvemen in the program includes getting in the 95 percentile on the Stanford 
Achievement Test, recommendations from their teachers, selection by their school and one 
other test The students are from Ingham county and after selection is made, decide if they 
want to participate in math or science. Their second choice must be in writing or literature. 
The third choice must be taken in the arts, either art, music or drama. This is the second year 
that I have taught mathematics in the piogram. Another program that I was actively involved 
in consisted of two classes each morning, one at 8:00 and the other from 9: 10-10:30 a.m. A 
third program in which I with middle school kids has been going on for four or five years 
with kids from East Lansing. John Masterson and I have been working together on this 
program with the gifted and talented on Saturday mornings in the fall, winter and spring. 
Kids do actually enjoy coming out, some of course get pushed out of bed by their parents 
because their parents think it's a good idea to be in the program. But most of them really 
enjoy doing mathematics. The school district pays for the program. 

I plan to tell you the units that we did with the kid$. That is the specific pans of 
mathematics that we worked on. Well talk about the strands that run through all the units, 
and well talk about specific things that we did with the kids. John and I had some 
interesting days. One I remember in particular was the day John brought a peanut butter 
sandwich on a very hot day and we decided to use it as a two dimensional model. You can 
imagine what happened from there. 

Let's talk about the topics. The units include number theory, counting, probability, 
geometry, which included basic topology and Et"iidean geometry, some calculus, analysis, 
and problem solving. We also had strands in which we included application so the kids 
could see how to use mathematics, we included activities, we included recreation puzzle-type 
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problems, and we always were working on their problem solving skills. Remember the 
thing we wanted was for the lads to have fun. We didn't have tests but we were able to 
move around to see what they were doing since John and I only had twenty to twenty-three 
kids. We worked cm some algebra skills and the last strand was one that Bill turned me on 
to. 

What Fd like to do now is give an example of what we did with the kids. This was a 
demonstration of what some of the kids can do. Fd start off with this son of problem. 

Take 1987, keeping the numbers in the same order, using any mathematics 

symbols a middle school student would know, and write an expression 

equivalent to the numbers one through twenty' 1 . 
Let's do a couple. Let's find an equivalent for eleven. 

1st answer 1 + 9 + 8-7*11 

2nd : What about the number one? Answer l 9 ^ 7 = 1 

-l+VS-8 + 7 = l 
3rd : What about the number: four? Answer 19-8-7 = 4 
4th : What about ten? 1x9 + 8-7 = 10 

Notice this is a good motivator for learning operations. 

Another example that the kids liked was can you get all of the numbers out of four 
one's. You use the same rules. See if you can get an eight out of the four one's: 1111. The 
reason I have three answers is two came from the kids. 

Answers: 1. x - 1 1 (using Roman Numerals) (Fll count it but I don't like it) 
(from Lorraine) 

2. IU-l-l = 8(from the kids) 
or .H- 1-1 = 8 

3. [£ (1 + 1)]! + 1 + 1 = 8 (sign is sum of divisors of a number) 
= 2 + 1=3; 3 factorial = 3-2 = 6 

4. I used greatest integer function 

Ix/TTl! + 1 + 1 = 8 
(the greatest integer of the square root of eleven is three, 
three factorial is 6, 6 + 1 +1=8). 

Let me give you other ideas of things we did with these kids. We talked about perfect 
numbers primes. We tried to do the proof but we found we lost them so we went 



138 



back to just seeing why it works. We were also using the fundamental counting principle. 
We looked at composite numbers and some other proofs. A problem John thought of was 
"List all die primes that are one less than a perfect square and see if you can prove how many 
there are 11 . This lead the kids to list them and they figured out there was the only one. We 
did some things with something called Armstrong Numbers, which are numbers such that 
the sum of the cubes of the digits equals the number itself. One number would.be zero. I 
know there are three. You play around with that The next topic we'll talk about is 
geometry. We did topology including the four color problem. We did a lot of work with 
networks, deciding when is a network transversable and when it isn't irraversable. We diu a 
lot with topological equivalents. We did the Jordon Curve Theorem. Next we did some 
Euclidean geometry through rotations, translations and reflections. We started with motion, 
sliding transparencies on the board or overhead, when we wanted to turn something we 
turned the transparency. We would draw the triangle on the board, go back to the overhead, 
find the center of rotation, and turn the transparency. If we did a flip, we would just flip the 
transparency over. Then we ased the same kind of content with dot paper, sliding, flipping, 
and turning, rotating. We f jund a lot of that material from a book, Geometry A Methodic 
A pproach by O'Daffer & Clements. 

We also investigated reflections, using mirror reflections and line reflections. We 
worked with magnification and similar^. We tied the Euclidean geometry together with 
isometries. We also included some practical problems. Here are two examples of 
applications of geometry that we used. The first is using the Pythogorean Theorem. The 
question is how far can you sec? If this is the earth then there are certain things they'll need 
to know. 
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For instance, students need to know that the radius is perpendicular at the point of tangency 
(A above), h is how far you are standing out from the earth and b is how far you can see. 
Using the Pythogorean Theorem: 
r 2 + b 2 »(r + h) 2 

r^b^^ + ta+h 2 
bZ-M + h 2 

(We approximate the raidus of the earth as 4,000). Therefore b 2 = 8000 h + h 2 (If we 
approximate 5000 ft/mile) 

• 2_ 8000 h ( h 2 
r ~ 5000 V 5000 ; 

If h is only our height, then ( *^qq) 2 is very small and doesn't make a contribution, so our 
equation becomes 

w2_ 8000 h 
5000 

b - 1.6 h 

Another neat application is using the theorem in geometry that says: If parallel lines cut off 
equal segments of one transversal then they cut off equal segments on all transversals. If 
you w^nt to divide a card into a specific number of parts you could use your lined paper and 
the card to divide it Use the edge of your card as a transversal 

We also worked with students on geoboards through various activities, including 
slope. We also included some analytical geometry. 

We had special topics like the Golden Ratio and how it relates to the Fibonacci 
Sequence. To introduce counting and probability problems, we asked them to figure out 
how many different ways they could arrange themselves? That is, suppose all eighteen of 
them stood in a line. How long would it take to go through the arrangements if we did one 
every second and didn't stop? We would first guess: a week, a year, a decade. The answer 
is that it takes more than 10 million years. That became a motivating problem for the kids to 
see how numbers grow. We worked on combinations and permutations from the vantage of 
using the notations and information in probability problems. We used our state lottery, 

picking 6 numbers out of 40 where order doesn't matter, as a problem. This turns out to be 

60. 39*38.37-36 ^35 

a combination problem where the odds are to one which, 

means 7,059,052 to 1 or 1 in seven million. We used probability to determine the 



160 

i 'x o 



mathematical sums and the probability of "craps'*. We worked on independent events and 
mutually exclusive events. One of the nice things about probability is that you can do 
experiments. The probability unit is one of the units we could find the most applications. 

We did pretty standard problems for the problem-solving units. We made sure the 
kids realized the need to son through information, organize the data, look for patterns, list 
things. We gave them problems that forced them to do those sorts of things. We perhaps 
would have two of those types of problems on one Saturday. We'd have them talk about 
how to solve the f Dblems, discussing various techniques. 

The types of examples of problems were not completed in fifteen weeks. We figured 
that we might have someone in there for 3 years, 6th, 7th and 8th grades, so we worked with 
different strands of problems throughout. This way there would not be a lot of repetition for 
the student that went through two or three years. 

One of the important ideas that I would like to conclude with is the method of teaching 
which seemed to work with these kids. We would present some material, have them work 
on it, present a related activity or question, have them work on it and then as they were 
working John and I would walk around the room asking questions, finding out where the 
kids were at with the material or activity. We found that when the kids were working on 
activities and problems that were posed, when kids worked together in groups, we were able 
to find out more about how the kids *ere thinking and it felt like, we were doing a better job. 

Here are a few things that we found the kids needed work on: writing - we worked at 
trying to get the kids to write and organize information neatly; thinking on ftatflgp before 
thev asked what shnnlH T do nff xt; using calculators and mental arithmetic. 
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Make a capital T from five cubes. Pretend it is glued together so that 
you can turn it freely, even upside down, and look at it from every 
corner. How many different ways can you draw the T on the dot 
paper 0 An example is given. 
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ALGEBRA 



Elizabeth Phillips 
Michigan State University 

.1 want to first share with you how I first became interested in algebra. As one of my 
responsibilities at Michigan State, I direct the two remedial mathematics courses; elementary 
and intermediate algebra courses. These are classes that students place into on the basis of a 
placement exam. The remedial courses are a prerequisite for college algebra, and do not 
count toward a degree. Therefore these classes cost students extra time, extra money, and a 
great deal of frustration. Many students have already had 3 and 4 years of high school 
mathematics, but we are not only requiring that students have had it, but also that they 
remember it We prefer that they come prepared for their first college class, that is, that the 
students remember longer what they have learned. Therefore we have been working with 
high school teachers with that objective in mind. That is, if we teach for understanding, we 
teach for retention. 

There are many topics in algebra that we could talk about today. I have decided to 
look at algebraic errors. I will analyze these algebraic errors and show that they are all 
related to one or two key ideas in teaching algebra. Before we begin I would like to share 
with you some of the things students say when they talk with me about their experiences 
with mathematics. 

Have You Heard This ? 

- But I studied all night for the test and I still flunked. 

- You didn't show us how to do that problem in class. 
-Notes? What notes. 

- 1 do all the homework but I still get it wrong on the test 

- But I understand it in class. 

- No homework tonight Just a reading assignment. 

- 1 got the right answers. Why did you take off points? 

- What do you mean I don't get any points? Look at my work. 

- But I did well in my other math classes. 
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T^*-*»t- *%* aImIuMiM . 

1 2 + *. 2 3 + x(x 4. y 

A> 3 + x .3 3x(x + 1) 1 

3. -2x(x 2 y) = -2x 3 - 2xy 4. (a+x) 3 = a 3 +x 3 

5. Ix - 2! = Ixl - 12! 6.vP"+4 = a + 2 



7. -2 -4 »+8 or 16 or -6 or 1/16 8. 2*1 =, 3x 2 



3 
x 



9. 2 • 4 X = 8 X 10. 3 - 2(x - 3) - x - 3 or 

3 - 2(x - 3) = 3 - 2x - 6 

Failure to recognize patterns 

11. Factor 12. Simplify: 

2x + 3x = 5x x + 2x a 3x 

ax + bx = (a + b)x (a + b) + 2(a + b) = ? 

x(x-l) + 3(x-l) = ? /2 + 2/2 = ? 

13. Simplify: 7^-^*1 

3 X + 2 4- 1 3(x) (x 4- 2)(x * 1) lx(x 4- 1) 

* + i X X(X + 1) (X 4- I) X (X + 1) 



Now what? Either students remove the common factors in each term — or they multiply 
both sides by the conmon denominator and solve for x. In addition they may neglect to treat 
1 as a term and — forget to distribute the negative sign. 

3 X 4- "2 

14. Solve: 7T7 + -7- 3 1 

3x (x + 2) (x 4- L) 

X(X f 1) X(X i- 1) 



:<(x 4- 1) 
x(x + 1) 



Now they can't get rid of the denominator. 

I 4 3 



Comments: 

In error 4 compare (a + b) 2 with (a + b)2. What is the difference? In the students' 
mind this may be just a half-space! What's a half-space among friends. In error 7, students 
may ignore the haif-space and see -2 - 4 or -2(-4). In error 1 1 

students fail to recognize the distributive pattern in a variety of different examples. In error 
12, expressions and sentences (simplifying and solving) become confused and often 
interchanged on tests. 

When we are teaching these types of problems we need to clarify, to identify patterns, 
and to continue to help make connections. One idea I like to use in the case of expressions 
and equations is to relate these concepts to a lesson in an English class- Very often in 
English we are asked to work with phrases, and then put phrases together with a verb to 
form sentences. In math our expressions and equations are very much like phrases and 
senf,nces. We put expressions together to form sentences such as equations, inequalities, 
etu 

(Discussion was incorporated throughout this part of presentation about implications 
of each problem)- 

If we lode back over that list of errors we find that students do not know the difference 
between factors and terms. Let's examine the distributive property. It is a powerful concept; 
it forms the backbone of algebra. Most textbooks - at most - give it one line. In my classes 
it might take two weeks to gain understanding of this concept We need to emphasize that on 
one side it is a product of two factors. On the other side it is a sum of two terms. In one 
direction we call it multiplying. In the other direction we call it factoring. The dstributive 
property relates addition and multiplication, a very powerful affair. 



FACTOR AND TERM 

(TWO CONCEPTS ARE RELATED BY TOE) 

DISTRIBUTIVE PROPERTY 

a(b + c) s ab + ac 

product sum with 
with two two terms 
factors 

♦ > 

multiplying 
^ • 

factoring 
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The next source of err ors stems from a lack of understanding of a concept that is the 
backbone of middle school mathematics - equivalent fractions. Realize it is also very 
important in algebra and note the importance of factors in understanding this property. 



FUNDAMENTAL PROPERTY O F FRACTIONS 



ax 
bx 



a 



b 



Finally, students cannot distinguish between 



EXPRESSIONS AND SENTENCES 
SIMPLIFY AND SOLVE 



One thing we sometimes forget is that algebra is simply generalized arithmetic; What 
we did u. arithme.,c we do in a more generalized way in algebra using variables, expressions 
and sentences. 

For the remainder I would like to discuss with you how we night introduce the 
distributive property in class and teach it for understanding. 

This first thing that we want to do when teaching the distributive property is to draw a 
picture. We want this picture to be something on which we can hang the distributive 
property. A picture is worth a thousand words! For a picture of distributive property we 
can use area of rectangles. We can express the area of this rectangle in two ways. 



b 



c 



ab 



ac 



Area: a(b + c) = ab + ac 
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I want to share with you a few words from Bertrand Rus c ells' autobiography 
concerning his experiences with the distributive property. Bertrand Russell was a very 
famous mathematician* He lived in the early pan of the century and was a co-author of the 
Principia Mathematics He says: 

, The beginning of algebra one I found far more difficult. 
Perhaps it was the result of bad teaching. I was made 
to learn by heart the square of the sum of two numbers 
is equal to the sum of the squares increased by twice 
the product. I had not the vaguest idea of what this meant 
and when I could not remember the words my tutor 
threw the book at my head which did not stimulate my 
intellect any more." 

If Bertrand had been in one of our classes, this is what we would have dene. He was 
trying to remember *his rule. 

(a + b) 2 = a 2 + 2ab + b 2 
We can use these plastic tiles; a square with dimensions a x a, a square with dimensions b x 
b and a rectangb with dimensions a x b. 

Demonstrate how to use the algebra tiles on the overhead. Several plastic tTe* ^ r he 
following are displayed on the overhead 



The tiles are then arranged to form a square whose dimensions are a + b. 
Thus the area of the larger square can be expressed 
in two ways: (a + b) 2 = a 2 + 2ab + b 2 

a 

These algebraic tiles can be used to teach and practice 
factoring of trinomials or to multiply binomials. 
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The following set of questions are examples of questions which can be used to develop an 
understanding of factor, term, and expression. 

1. Find the area of each rectangle in two different ways: As a product of two factors 
and as a sum of two terms. 

2 5 x 5 



2. Insert parentheses on the left side of the equality sign to make each statement true. 



3. 
4. 

5. 
6. 



8. 



9. 



a) 7 + 5p - p = 1 lp 

b) 7 + 5p-p=0 



b) 7 + 5p-p=7 

c) 7 + 5p - p = 7 + 4p 



Fill in the box with a number or expression to make each statement true, 
a) 2(4+0) ■ 18 b) 2(4+Q)=8-x 

a) Write 12 as a product with 2 factors, 3 factors. 

b) Write 12 as a sume of 2 terms, 3 terms. 

c) Write 12 as a product of 2 factors such that one factor is the sum of 2 terms. 
Repeat problem 4 using 12x^. 

Without altering or simplifying the expressions. How many terms coes each 
expression have? Name them 



a) 2x 

c) 2x + 5 

e) 2x + 5(x + 2) 



b) 2 + x 
d) 2x + 5x 

f) (x + 2) h 2(x + 2) + 3(x * 2) 



Without simplifying, in which of the following expressions is x, x + 1 a factor of 
the entire expression? 



a) x 

d) 3x(x + 1) 



b) 3x c) 3x + 1 

e) x + 3(x+ 1) f) (x + 3)(x + 1) 



Use the distributive property to write each of the expressions as a sum or 
difference of terms. 



a) -5y(x + y) 



b) -5y(xy) 



c) (-5 + y)(x + y) 



Use the distributive property to write each expression as the product of two or 
more factors. 

a) 5x-25x b) 5ax- 25x c) 3y + 5y + 7y 

d) (x + 1)2 + (x + i)x i I. 3 
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10- At the beginning of the week Sam's checking account had a balance of $75.50. 
During the week Sam wrote a check for $15.00 on Tuesday and a check for $20.50 
on Friday. What was his balance at the end of the week? Find the answer in two 
different ways. 

11. Rectangle ABCD has been subdivided into four rectangles. The areas of three of 
the smaller rectangles are given. 

a) Find the area of the fourth rectangle. 

b) Find the dimensions of rectangle ABCD. 

c) Find the perimeter of rectangle ABCD. 



2 

X 




2x 


6 



12. Find the two expr ^sions representing the amount of money collected by selling X 
rickets on Monday and Y rickets on Tuesday if each ticket costs $2.50. 



13. In which fractions is x a factor of both the numerator and denominator? 

d) Ml±A1 
+ x 



a) 2*2 
3x 



b) 1±JL 
3 + x 



c) 3x(x + n 
x + 1 



14. A student made an error in simplifying the fraction. Find the error and the correct 
solution. 



x + 2x 

2 

x + 3x + 2 



x(x + 2) 



(x + 2) (x + 1) x + 1 



15. If the variable can be any real number, which expressions represent the same 
value as x + 1? 



a) n + 1 
d) 2£el±U 



b) 1 + x 



c) x-1 



16. Find an expression which represents the pattern in the second row. 





4 


1 2 


3 4 






y 1 


2 5 


10 17 




miles 


0 


100 


200 


300 


cost($) 


20 


40 


60 


80 
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17. If x > 3, which expression has the largest value? 
x 2 x 2x f 

18, Write an algebraic statement describing the pattern: 

1 1 9 1 

2 ~ 3 * 6 

l i JL 

3 " 4 * 12 

1 1 m _1 

4 ~ 5 * 20 



In summary note the importance of the picture that we receive through concrete examples and 
the discussions that moved us from one stage to another. Let me end with one of my favorite 
overheads which illustrates the strategies we used to teach the distributive property for 
understanding. 

PICTURE 



CONCRETE 




SYMBOL 



TEACHING FOR UNDERSTANDING 

References 

Russell, Bertrand (1968), Tha Autobiography of Bertranri Russell: 1872-1914. B. 
Bantom, New York. 
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MATHEMATICAL PARADOXES IN SCHOOL 



Nitsa McvshovifcHader 
Israel Institute of Technology 

OUTLINE 

1. What is a paradox? 

2. The role of paradoxes in the history of math. 

3. The role of paradoxes in school mathematics. 

4. How to collect and create paradoxes suitable to school 
L What is a pararfn*? 

First let's ask what are other words that arc used in connection to paradoxes? A 
fallacy, mind benders, thought twisters, misconceptions, contradictions, tantalizing 
inconsistencies, loopholes, misunderstandings. Instead of defining a paradox we'll 
consider several classes of paradoxes. 

(a) A paradox is a false statement that make* sense, a conclusion that is intuitively 
acceptable but that is not sound logically. The challenge is to find out the origin of the 
wrong expectations. An example in mathematics would be - the sum of the exterior 
angles of a polygon is a function of the number of sides. (See figure 1). This statement is 
wrong, of course, but it makes sense as it is analogous to the correct statement about the 
sum of the interior angles. 

\ 

\ 

\ 




Figure 1 
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This class ifKMe* logically invalid conclusions which are psychologically plausible. For 
example: "A!! Cretans are liars" said Epimenides who was a Cretan himself, therefore 
Epimenices is a liar and hence... all Cretans are truthful Now, Epimenides, the Cretan is 
truthful too and therefore all Cretans are liars as he claimed to begin with. This endless 
loop is based on the wrong negation of "All Cretans are liars". The correct way to negate it 
is "not all Cretans are liars". 

(b) A paradox is also a true statement that does not make sense. Here, too, the challenge 
is to find out the origin of the wrong expectations. For example, consider the claim: 'The 
sum of the interior angles in ail triangles is the same". (See figure 2), For someone who 
does not know that this is a true statement, it may make very little sense, as triangles have 
many different sizes, and various type of angles. 




Figure 2 

This class includes logically valid conclusions which are psychologically Q2J acceptable. 
For example the following two sentences are mathematically equivalent yet psychologically 
different: "Good food is not cheap" and "Cheap food is not good", 
(c) We also see a paradox as two (or more) contradicting claims that have reasonable 
grounds. Both or all claims make sense but at least one must be wrong. For example, let 
us look at the 4 cards paradox: 

152 
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Introduction through a game: 



To play this game you need a partner and four cards, two of each color, say red 
and black. If you prepare your own cards make sure that you color only one side 
of each card, so that all four look the same on the other side- Shuffle the four 
cards and let your partner choose two without looking at their color If the 
two chosen caids have matching colors your partner wins a point. Change roles 
and repeat the game. Record your results. 



Question: 

What is the probability of winning a point in any round of the game? 

Three different answers to this question arc given below. All three seem logical 
yet only one is correct Which one? (Please put x to the left f the answer you 
prefer). 

There are three equally likely results: either both cards are red, or they 

are both black or they don't match. In two cases the player wins a point therefore 
the probability is 2/3. 

There are two equally probable results: either the colors match (red-red or 

black-black) or they do not match (red-black or black-red). Therefore the 
probability is 1/2. 

Suppose the first chosen card is red. There is only one red among the 

remaining three cards. There is a probability of 1/3 to choose a second card with 
matching color. 

What is wrong with the logic underlying the other two answers? 



This class includes situations in which we have two claims presenting a dichotomy, 
yet both seem wrong, or both seem right Look, at the following diagram (figure 3) 
representing areas between two equidistant lines crossing two parallel lines. The shaded 
areas no. 2,3 are either the same or not This is a dichotomy. We know that 1 and 2 
have the same area. Contrary to our intuition, area 2 and 3 are also the same. 
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Figure 3 

(d) Another class would be paradoxical questions. For instance, are there two 
non-congruent triangles with five congnient parts? We think, "I know that it can't be true, 
but since you have asked, perhaps it does afteralL" (Hint: Are the following two triangles 
suitable: 8,12,18 and 12,18,27?) 

2. The Role of Paradoxes in the Histrocial Development of Math 

(a) Mathematical Defects: 

These paradoxes result a contradiction unbearable in mathematics. They 
were sol' i by excluding them* They were eliminated from mathematics. 

Examples: 

1. i^fl 

•1 =^A^^\/^H)(-1) =/T= 1 

2. Cantor's paradox (1845-1918) 

A set with n members has 2 n subsets. Cantor's extension: The set 
of subsets of any set, finite or infinite, always has more members than 
the original seL But... what about the set of all sets? 
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De-Morgan's Paradox: Augustus Dc Morgan (1806-1871) is traditionally 
credited for the following fallacy: 
Claim x = 1 }x = 0 

Proof: 

x = 1 <==> x 2 = x <— => x 2 - 1 = x - 1 <==> 

x 2 - l m x - 1 
x - 1 * x - 1 <==> 

(x H)(x- 1) 
x - 1 




<==> x + 1 = 1 <=> x = 0 



4. The Existing Solution Paradox: An equation which should not have a solution 

has one. Students learned that - = \ => x = 2. In a test they were 

x 2 J 

asked to solve the following equation: 

x - 3 3 x - 3 
x - 1 ' x - 2 

Some of them wrote: "It follows that 
x-l=x-2 

- 1 = -2 contradiction. There is no solution. 11 
Other students wrote: "Multiplying by the common denominator we get 

(x - l)(x - 2)(x - 3) m (x - IKx - 2)(x - 3) 
x - 1 " x - 2 

now cancel 

(x-2)(x-3) = (x-l)(x-3) 
x 2 - 5x + 6 = x 2 - 4x + 3 
-5x + 6 = -4x + 3 
x=3 
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Which answer is right 

What is wrong with the other answer? 



What about die reciprocal equation, does it have a solution or not? * z 1 

x - 3 

(b) Mathematician's Defects 



1. Leibnitz (1646-1716) is credited for the following paradox: 
(Assuming existence of the sura of a nonconvergent infinite series) 

1-1 + 1-1 + 1...-S 
Sa(l-l)+(l.l)+..,»0 

S = l-(1-1) + (1-D+(1-1)+... = 1 
S 1 . S 2S = 1 ==> S = 1/2 

2. The following set of diagrams (see figure 4) demonstrates that Pi = 2 
M Gardner (p.58): "It is true that as the semicircles are made 
smaller their radii approach zero as a limit and therefore the vvavy line 
can be made as close to the diameter of the large circle as one pleases. 

At no step, however, do the semicircles alter their shape. Since they always 
remain semicircles, no matter how small, their total length always remain 
pi The fallacy is an excellent example of the fact that the elements of a 
converging infinite series may retain properties quite distinct from those of the 
limit itself. 
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Figure 4 




• U * z 

(c) Paradoxes we live with 

Some paradoxes in history we learn to live with, some we build a new theory, or some 

we extend existing theory. 

1. The Pythagoreans (500-400 B.C.) believed that any length can be measured 
by a natural number or a quotient of two natural numbers. They also new that 
there is a line segment of the measure (the hyptenuse of an equilateral 
right angled triangle). They deduced that </f= a/b for some irreducible 
fraction, and reached a contradiction thus facing a paradox. This paradox turned 
out later into the proof of existence of irrational numbers, more precisely that 
$ is irrational. 

15> 
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I Jl « J (a f b) 



» 1 



>/2 b = a 

2b 2 a 2 => 21a 2 => 21a 
Let a=2m (m€ N) 
2b 2 = 4m 2 

b 2 =2m 2 => 21b 2 => 21b 
but ... (a,b) ■ 1 

2. Infinite subset of a set with 1 to 1 corrcspndence between them wer* at the 
same time in conflict with the mathematical idea that the whole always is 
greater than its part 
Cantor (1845-1918) 



Two different line segments, same number of points. 

2.1 Cantor's (1845-1918) proof that two line segments of different length contain 
the same number of points. 

2.2 The set of even numbers and the set of integers are both enumerable, and 

2.3 Finally the existence of two different infinite numbers - there are many, many 
more real numbers than rational numbers. 

When mathematicians became convinced that these paradoxes did not result in a 
contradiction they were incorporated into mathematics and were no longer paradoxes, 
(d) Unresolved paradoxes 

We also have paradoxes upon which the mathematics community have not reached a 
common agreement. Please refer to the references at the end of this paper to explore these. 
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3* Thu Rote of Pararfnggg jn School Mathgniaiire 

Paradoxes have a role in school mathematics. We can use paradoxes in the 
teaching-learning process in the same way that paradoxes played a role in the development 
of mathematics. We can use them to clarify concepts, carefully extend theories, introduce 
them as intellectual challenges, and to help students avoid mistakes. Paradoxes perplex us, 
dumbfound us, thrill us, challenge us and arouse our curiosity. When solving a paradox 
we better understand both possibilities and limitations of human reasoning, we better 
understand both possibilties and limitations of mathematics, we are invigorated, and we arc 
delighted 

We might ask, what is the educational potential of paradoxes? What makes paradoxes 
educationally useful? Leone Burton in her address to the MOIFEM Conference in Quebec 
in July, 1986 said: 

'There is a private and a public world of mathematics. In the private 
world struggle, failure, incomprehension, intuition and creativity 
dominate. The public world is where the results of the private 
struggle make their appearance in a formal, conventional, abstract 
form from which all evidence of false trials, inadequate reasoning or 
misunderstandings have been eliminated. Unfortunately, textbooks give 
our pupils access only to the public world As a result, they see their 
struggle and failure to understand as personal inadequacy rather than 
part of the process inherent in the development of mathematics. Our 
pedagogical practices in teaching mathematics deny the influence of 
the individual or the social context, and present young people with a 
pretend world of certainty, exactitude and objectivity. This pretend 
world is associated with power and control and given our social 
history, that is perceived as male by association". 

Paradoxes - Educational Merits 

There are many educationally useful paradoxes that can help in one or more of the following: 

* Shape up mathematical ideas 

* Refinement of basic concepts 

* Clarification of nuances 

* Replace endless preaching 

* Provoke a desirable imbalance 

* Surprise and motivatio 

* Problem solving 

* Challenge 

* Provide an indication of intellectual function 
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* Learning to (read a) prove 

* Debugging 



4. How To Collect or Create Paradoxes 

Consicr following five paradoxes. (They are prepared as worksheets for school 

use';. 

(1). \J$ Is .♦. Irrational 

By definition we call a number r irrational if for any two integers a,b 
r ^ a/b. Assume that v^T is rational* Well show that this assumption 
leads logically to a contradiction. According to our assumption there exist 
two integers p,q relatively prime such that 
p/q=VT 

p 2 /q 2 = 4 
4q 2 = p 2 

4 I p 2 »=> 4 1 p ==> there exists an integer n sx 

p = 4n 

hence 

4q 2 = 16n 2 — > q 2 = 4n 2 — > 4 I q 2 

==> 4 1 q arid therefore p and q have a common devisor greater than 1 
which contradicts the initial assumption that they are relatively prime. 
It follows that oir assumption was false and therefore \/7 is not a rational 
number. Q.E.D. Where is the flaw? 
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(2). Triangle Similarity Paradox 

Any two triangles with five congruent elements (sides, angles) must be 
congruent 



One one hand : 
This is right, of course. 
Three elements are usually 
enough for congruency. 
Here 5 elements are congruent, 
namely either 2 sides and 3 
angles, or 2 angles and 3 sides 
are congruent At any rate we 
have here A.S-A. or S.A.S. or 
S.S.S. which are sufficient 
conditions for congruency. 



On the other hand: 

Here are two non-congruent 

triangles 




Each has sides of 12 and 18 
and the three angles are 
congruent because the triangles 
are similar ones (with ratio 2:3). 



How Come? 
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(3). Fui auj u£uuoi QUiubci ii 

1 • 3 • 5 •. 



(2n 



2n 



11 £ JL 

/2n 



One one hand: 

It is sufficient to prove tha.. 

for ail n 



1- 3-5-.. .-(2n-l) c 1 

2- 4-6' ... -2n 



/2n+l 

This we'll prove by induction 

a. For n = 1 the left-hand 
side = 1/2; the right-hand 
side = J, i . JL < -I 

/3 ' 2 A 

therefore nor n = 1 it's right 

b. Assume for any natural 
number k 

1- 3-5-...-(2k-l) ^ 1 

2- 4- 6-. ..-2k 

we'll prove that 



/2k+l 



k-3-5- 



rk-l)(2k+l) 



2-4-6- ... -2k- 2 (k+1) 



\/2k+3 



On the other hand: 
When we try to prove the original 
claim straightforward by induction 
we get 

a. For n » 1 

the left-hand side = 1/2 
the right-hand side = ~ 
2>/2=>l/2<^ ^ 
therefore for n = 1 it's right 

b. Assume 1- 3-5» . . . ■ (2k-l) 

2-4-6-. ..-2k'2(k+l) 



V2(k+1) 



but 



1-3-5-.. .-(2k-l)(2k+l) ^ 



2k 



2-4-6 



•2k- 2* (k+1) - 



/2k 



2 (k+1) 



n/ 



(2k+l)' 



Z'k(2k+2) • /2(k+l) 



Jr 2 



4k +4k+l 



Ak 2 +4k 



74k i +4k\/2(k+l) \/4k 2 +4k V2(!k+1 



72 (k+1) 
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Droof: 1.3-5-...-(2k-lH2k+l) 
2-4-6-...-2k-2(k+l) 

/2k+r 



2k+l 




vA(k+l) 2 (2k+3) 
s/4k Z +8k+3 



/2k+3 



4k +8k+4- >/2k+3 

Therefore the claim is right: 



contrary to the claim. 
Therefore the claim is false. 



How Come? 



(4). The Intersecting Circles Paradox 

Two distinct perpendicular lines to one line through one point 
The figure on the right presents two-circles 
Oj and O2 intersecting at A. 

AC is the diameter of circle Oj 

AD is the diameter of circle O2 

E,F are the intersection points of line 
CD with the two circles respectively 
IAFC is a circumference angle on a semicircle 
therefore it is right 

IAED is a circumference angle on a semicircle 
therefore it is also right 
=> AE1CD and AFICD 

How Come? 



















/ \ 
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(5). Any Two Consecutive Integers Are Equal- 
As you know, for any integer n the following identity holds: 
(n + l) 2 a n 2 + 2n + 1 

Therefore 

(n + l) 2 - (2n + 1) = n 2 
Subtracting n(2n t 1) from both sides we get 

(n + l) 2 - (2n + 1) - n(2n + 1) = n 2 - n(2n + 1) 
(n + I) 2 - (2n + l)(n + 1) = n 2 - n(2n + 1) 
Adding to both sides [(l/2)(2n + l)] 2 we get 
(n + l) 2 - 2(l/2)(2n + l)(n + 1) + [(l/2)(2n + l)] 2 
= n 2 -2(l/2)n(2n + 1) 
+ [(l/2)(2n+l)] 2 

Therefore 

[(n + 1) - (l/2)(2n + l)] 2 = [n - (l/2)(2n + l)] 2 
(n + 1) - (l/2)(2n + 1) = n - (l/2)(2a + 1) 
n + 1 = n 

Q.E.D. And you have always believed that 3 £ 2 ... 
Any conr ents? 

By the way: Are the following equations equivalent? 

x 2 = 9 

and 
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Teachers often wonder how to collect and create suitable paradoxes. I would suggest 
a first source a* the history of mathematics. It provides many good examples. You can 
also crcate useful paradoxes from student's errors. Almost any mathematical error is a 
fallacy since there is an underlying logic that led to the error. You can create a paradox by 
bringing a mistake to an absurd, that is, make a conflict with known facts. 

Examples: 

1. 3 =J9 » -3 => » -3 (the eiron V^=±3). 

2. Error: to test divisibility by 3 it is sufficient that the unit digit is odd, 
(in analogy to divisibility by 2). 

Paradox: As we know divisibility by six is tested by divisibility by 
both 2 and by 3. In teting divisibility of 814 by 6 one child argues: 
"8 14 is divisible by 2 because it ends with an even number 
814:2 = 407. 407 is divisible by 3 because it ends with an odd 
number. Therefore 814 is divisible by 6." Another child calculated 
814:6= 135R4. Why? 
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Final comment 

I would like to end with a riddle called "Fooled?" It can be found in a book by 
Ravmnnd M Smallvan titled What Is The Name Of This Book? 



My introduction to lope was at the age of 
six. It happened this way: On Apni 1. 
1925, 1 was sick in bed with grippe, or flu, 
or something. In the morning by broher 
Exmle (ten years my senior) came into my 
bedroom and said: "Well Raymond today 
is Apnl Fool's Day, and I wtli fool you as 
you have never been fooled before!" I 
waited all day long for him to fool roe, but 
he didn't Late that night, Y/y mother asked 
me, ''Why don't you go to sleep?" 1 
replied* Tm waiting for Emile to fool me." 
My mother turned to Emile and said. 
'Emile. will you please fool the child!" 
Emile then turned to me, and the following 
dialogue ensued: 

Emile I So, you expeciod me to fool you, 
didn't you? 
Raymond I Yes. 
Emile I But 1 didn't, did I? 
Raymond /No. 

Emile I But you expected me to, didn't you? 
Raymond I Yes. 

Emile /Sol fooled you, didn't I! 
Well, 1 recall lying in bed long after the 
lights were turned out wondering whether 
or not I had really been fooled Ontheone 
hand, if I wasn't fooled, then I did not get 
when I expected, hence 1 was fooled (This 
was Emile's argument) But with equal 
reason « can be said that if 1 was fooled 
th*~ T jet what 1 expected so then, in 
w -e was 1 fooled. So. was I fooled 
or *asn 1 1? 

PARADOXES - REFERENCES 



B.R Bunch: Mathematical Fallacies a nd Paradoxes . Van Nostrand Reinhold Company 
1982. 

H. Eves: Great Moments in Mathematics (before 1650). Dolciani Mathematical Exposi- 
tions (Vol. 5). The Mathematical Association of America 1983. 

H. Eves: Great Moments in Mathematics (after 1650). Dolciani Mathematical Exposi- 
tions (Vol. 7). The MAA 1983, 

M. Gardner AHA Gptcha . Paradoxes to puzzle and delight. W.H. Freeman and 
Company, 1982. 

S.W. Huck, H.M. Sandler Statistical Illusions . Book 1; Problems, Boox 2; Solutions 
Harper & Row Publishers 1984. 

Northrop Eugene P.: Riddles in M athematics: A Book of Paradoxes . Robert E. Kreiger 
Publishing Company Huntington, New York, 1975. 

R. Smullyan: What Is The Name Of This Book ? Penguin Bocks 1978. 

mc i7i 166 



jgagmagd M° aromlUlyaai 

WHAT IS 
THE NAME 
OF THIS 
BOOKloN 

Dncnia and Lr^ 
Other Logical O 
Paulas ^ 




EQUATIONS 

Joan Ross 
Ann Arbor, MI 



Joan Ross has worked for several years with Layman Allen, the inventor of the 
Equations Game. The game is a mainstay in the Academic Olympics program which 
attracts students from throughout the U.S. 

NOTES ON CLASSROOM TOURNAMENT STRUCTURE 
Purposes of the Classroo m Tournament Structure : 

1) To equalize competition as much as possible between the students playing a match. 

2) A "Bumping System" regularly adjusts the level of competition for each student to 
account for changes in performance and varying leamig rates. 

3) Equalizing competition at each tournament table encourages teaching, diagnosis, and 
learning between students of similar abilities and understanding. 

Tournament Structure ■ Tahle Siting 

1) Students are arranged into playing groups or "tables" with three students per table. 

2) Players at each table should be as evenly matched in ability as possible (initial 
assignments to tables can be done using a grade book or any other general measure of 
ability). 

EXAMPLE: A class of 30 total students would be arranged into 10 tables groups 
with 3 students per table. Table #1 would have the three most competent students, 
Table #2 would have the next three most competent students, and so on until 
Table #10 which would have the three least competent students. 

3) If the number of total students in a class is not an even multiple of three, then the very 
bottom tables flow ability) should have two-player games instead of three player 
games. 
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EXAMPLE; Tf 29 total student* m class : Tables #! - #9 have three players each. 

Tabic #10 has orJ/ two players. 
If 28 total students in class: Tables #1 - #8 have three players each. 

Tables #9 and #10 have only two players. 

It's better to have several two-player games than a four-player game. 

4) Absences: If one student is absent at a table, the remaining two players play a two 
player game* If two students at a table are absent, the remaining students should join 
the next higher table in the tournament structure and play a four player game. (It's 
always better to move up one than down one table). If the player who moved up 
because of absences wins at the new table, then that player will bump up to the next 
higher table for the following week's tournament NOTE: This is the only time a 
player can advance upward more than one table during a single week. 



Bumping Procedure 

1) A "tournament round" is a specified period of time (usually a single class period) 
during which players at each table play as many matches as there is time for. The 
number of matches played each time will vary from week to week and table to table. A 
tournament round is usually done once each week. 

At the end of each week's tournament round, the table assignments for the next week 
are determined as follows: 

The winner at each table moves up one table. 

The loser at each table moves down one table, and 

The middle player stays at the same table (see EXAMPLE) 
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EXAMPLE: A d»f of 15 toed students 
divided into 5 tables with 3 
students at each table. 

The winning and losing players have already 
been determined The bumping for scaring 
in next week's tournament is shown by the 
arrows: 

won = winning player 
mid= middle player 
lost = losing player 

The winning, losing, and middle players at 
each table are determined by comparing the 
total of the "raw" match scores earned by 
each player in the matches played at that 
table during the tournament round. 



Table ?l 



Table *2 



Table #3 



Table *4 



Table #5 




NOTE: The "raw" match scores are only 
used to determine the table winners and 
losers. They are not used to calculate 
team standings or individual cumulative 
standing in the overall tournament. 

See "Calculation of Team Points" on 
page describing Team Organization. 



** Notice how at Table #1 (high 
ability), the winning and middle 
players both remain behind and 
only the losing player bumps 
down. At Table #5 (bottom 
table), die middle and losing 
players both remain at the 
same table and only die winning 
player moves up one table for 
next week's tournament 
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QUESTIONS 

1) How do vou end the tournament when the class period is over ? 

The teacher gives a 5 minute warning before the time the tournament round will end Once 
the warning is given players should not begin any new matches. At the end of the 5 
minute warning, the teacher calls a Teacher Force Out: ail unfinished matches cease to 
make moves in the game. Each player submits a Solution that they feel is still possible. 
The results are scored like a normal Force-Out: those who have a correct Solution get 8 
points, those who do not get 6 points. 

Informal EQUATIONS Rules 

You can learn to play EQUATIONS without reading the questions and answers in scripL 
The script material concerns details of the game that can be ignored at first 

1 . Q: How many people can play? 

A: Two or more. Three is probably best 

2. Q. What equipment is needed? 

A: Cubes and a playing mat Do flfli use all the cubes in the box. Four of each color 
make a good beginners' game. The pros use six of each color. 

3. Q: How does the game begin? 

A: One player rolls out the cubes. The symbols on thcr upward faces are called the 
"Resources." They are not changed during the game. 
The player who rolled the cubes builds a Goal try taking a cube (or cubes) from 
the Resources and putting it (or them) on the Goal line of the playing mat The 
Goal is a number. 

3 A. Q What are the rules about the Goal? 

A: At most five cubes may be used in building the Goal. Operation cubes may be 
used. If two operation cubes are used, grouping may be shown by spacing. 
Otherwise the Goal is interpreted according to the usual order of operations. 

3B. Q Can digits be next to each other in the Goal? 
A: Yes. 13 is an acceptable Goal. So is i- 726. 
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4. Q Kow docs piay continue after the Goal is set? 

A: Pltyen take turns; on his turn, a player takes one cube from Resources and 
puts it into the Forbidden, Permitted, or Required section of the playing mat A 
cube cannot be moved after it is played 

4 A . Q Can a player ever move more than one cube? 

A: Yes. LWhenever he wishes, he may take a bonus move on Ins turn. He does so 
by saying "bonus 19 , playing one cube into Forbidden and then playing one more 
cube wherever he likes. 

4B. Q Can the Goal-setter bonus before he builds the Goal? 
A: Yes. 

5. Q What are the reasons behind the moves? 

A: Each move has an effect on the solutions that are possible. Some moves work 
toward certain solution:, some moves wipe out certain solutions. 

6. Q: What is a solution? 

A: A solution is an expression that is equal to the GoaL Resources are used to 
construct it It must contain every resource that is in Required It may contain 
any resource that is in Permitted It must not contain any resource that is in 
Forbidden. It may also contain resources that have not yet been played 

6 A . Q When are solutions built? 

A: Players are secretly writing solutions all through the game. A player only 
shows a solution to the other players at the end of the game. He shows it in 
writing; he dees not touch the cubes. 

6B. Q May a player who is building a solution use grouping? ,/ 

A: Yes. Because players mhejoltions rather than build the> a with the cubes, 
grouping is shown by using parentheses. 

6C. Q; Can parentheses be used to indicate multiplication with using a times sign? 

A: No. 

6D. Q Can aplayerput digits next to each other in a solution? 

A: No. Example: When 13 is the Goal, 13 is not a solution. 

6E. Q; Can the minus sign be used to stand for negative property? 

A: No. The minus sign can only be used to stand for the operation of subtraction. 

6F.Q What does"*" stand for? 

A: The asterisk or star of"*" stands for "to the power of. Thus 
2 3-2 3 -8, and 3 2 =3 2 = 9. 

6G.Q How is the root sign used? 

A: Just like the ordinary root except that it is' always preceded by a numeral that 
shows what root is being taken. Thus 
2^-^= 3 and 3>J3 = 3 J8 = 2. 
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7. Q 
A: 



How docs a player win? 

By getting into a challenge and being correct 



8. Q Who can challenge and how? 

A: Anyone except the player who just moved It is done by saying "challenge". 

9. Q: Who is challenged? 

A: The player who just moved (the "mover"). 

10< Qt Why should you challenge? 

A: You should challenge for one of three reasons. Basically you challenge because 

1) you think that it will never be possible to build a solution (all solutions 
have been wiped out); or because 

2) you know a solution that can be built right away (with just one more 
unplayed resource cube in addition to the appropriate cubes from the mat). 

3) You should dso challenge if you think that mover could correctly have 
challenged the player who moved before him (which might even be you). 
When you challenge, you must tell your reason, 

IDA. Q; How might a player give a reason for his challenge? 
A: A player might say 

(1) "noway" 

(2) "one more cube" 

(3) "you should have challenged no way" , 
or 

(4) you should have challenged one more cube". 

11. Q: What happens after a challenge? 

A: The play of the game is over and the winner is determined by having the player 
who says a solution can be built try to write one. If he succeeds, he wins. 
Otherwise he loses. 

12. Q: Who has to write a soution where challenger has said that it will never be 

possible to build one. 
A: The mover. Of course he has to use all the cubes in Required. He's allowed to 
use as many cubes as he likes from Permitted and from the unplayed Resources. 

13. Q: Who has to write a soution when challenger has ^aid that a solution can be built 

right away? 

A: Challenger. He has to use all the cubes in Required He's allowed to use as many 
cubes as he likes from Permitted, but he's only allowed to use 2HC of the 
unplayed Resource cubes. 

1 3 A. Q Who has to write a soution if challenger says that mover should have 
challenged? 

A: That depends on whv challenger says that mover should have challenged. If the 
challenger says that some earlier move allowed a soution to be built right away, 
the challenger has to show such a solution. 
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13B. Q After a challenge what should the other players do? 

A: All players other than challenger and mover have to join either challenger or 
mover. If you join a player who has to write a solution, you also have to 
write a solution in order to score. 

13C Q What is the scoring after a challenge? 

A: A player who has to write a soution scores 2 if he writes one and 0 otherwise. 
A player who does not have to write a solution scores 2 if no one writes a 
solution and 0 otherwise. 

1 3D. Q Is there any exception to the scoring in 13C? 

A: Yes. A player who joins a challenger only scores 1 for being correct (rather 
than 2). 

14. Q What happens if a player is in a bind where he cither has to make it impossible 

ever to build any solution SL allow a solution to be built right away* 
A: A player in this position should make a move that allows a solution to be btnU 
right away* (We say he is "forced out"). However he should not be challenged 
for this move. Rather the next player should say "force out". 

14A. Q When do most force-outs occur? 

A: When two unplayed cubes are left and both are necessary for all possible 
solutions. 

14B. Q Suppose a player challenges rather than saying 'force-out*'? 

A: He will score 0. A challenger who says that a solution can be built right away 
has to be prepared to show that mover was not forced out. He does so by 
giving an OK alternative more that mover could have made. An OK alternative 
move is a move that does not allow a solution right away and does not wipe out all 
solutions. 

15. Q What happens after a player says "force-out"? 

A: All players have to write a soution. They must use every cube in Required; they 
may use any cubes in Permitted, and they may use one unplayed cube from 
Resources. 

16. Q. Who wins in a force-out? 

A: A force-out is usually a tie game. Every player who writes a solution scores 1. 
All other score 0. 

16A. Q: Is there any exception to 16? 

A: Yes. If the player who said "force-out" doesn't write a solution, he scores - 1. 
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Teacher's Notes or " bnm . EQUATIONS Rules 
(The Rea: Sehina the Rules) 



1 . Inexperienced players may be more comfortable in a two-player game. A three- 
player game is usually more exciting because of the competition to be the 
challenger. A game with more than three players tends to be less interesting 
because each player has fewer opportunities to influence the game. 

2 . You can play a game using only the twelve red cubes - or using eight red cubes and 
eight blue cubes. Such games are sin^ler because they do not involve the V"and * 
operations or the larger digits. However even young players can be introduced to 
the full spectrum of cubes. Symbols that are not. understood can be played into 
Forbidden or x tiled again, or even reinterpreted. For example, A v /B could be taken 
to mean M the average of A and 

3. After the cubes are rolled the players should be encouraged to sort them. The 
operation of sorting is in itself fruitful for some young players and the problem 
solving involved in the game is facilitated by an orderly arrangement of the 
resources. A reasonable way to sort is exemplified in the examples. 

An unalterable Goal is one of the import nt psychological features of the game: 
Afte* the Goal is set, the players are striving to find a variety of ways to 
"achieve" it 

3 A. The order of operations is: 

a) first, perform /" and * operations; 

b) second, perform x and f operations; 

c) last, perform + and - operations. 

When working out an expression with several operations on the same level, work 
from left to right For example: 

2x5*7*6 = 2x[(5*7)*6]. 

2J9j% « &J$)& 

If a Goal-setter wishes to indicate 2( 19 /8) he spaces the cubes like this: 

2j§& 



4A. This rule was vitally important in the old form of the game in which a player could 
win by completing a solution. It is less important now but has been retained to give 
players an opportunity to have more effect on each turn. It also speeds ^p the game. 

*B . This rule allows a Goal-setter to set a Goal of (for example) 4 even though there are 
two 4's in resources. He simply bonuses away one of the 4's before fitting the 
other on the Goal lia~e. If he did qqj bonus, he would probably be challenged for 
allowing a solution to be built right away. 
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5. PteyOT hive a variety of strategics open to them. Beginners will fieouently move 
defciiavdy: They try to avoid mo ;es that can be correctly challenged; they forbid 
operations that they do not understand; they think of one Solution and plav so that it 
will remain possible; they try to think of a second solution only when their original 
solution has oeen wipsd out by the move of another player. 

More experienced players look for many solutions. They try to figure out what 
solutions other players have in mind and to wipe them out (the solutions, not the 
players) if they can. They try to make moves that will precipitate mistaken 
challenges (for example, a move that makes it look as if all solutions are wiped out 
when a clever solution is still possible). Probably the ultimate strategy is to 
delibertaely make a move that can be correctly challenged in the expectation that the 
next player will move rather than challenge - thereby enabling you to challenge 
him for not having challenged you. 

6A. During the play of the cubes, players are busy writing down their solutions. Of 
course they do not let die other players see what they are writing. An am^ie supply 
of scratch paper is a necessity for an EQUATIONS game. 

6B. Of all the mathematical concepts tfiat students gain from EQUATIONS, probably 
the first is the power of the parentheses. They also gain much experience in 
working out the combinatorial possibilities of a set of resources. For example, 
ask yourself how many different numbers you can ra q fc ft with 

+ r 2 3 4. 

How about with - f 1 2 6? 



6C The decision to exclude the use of place value in solutions was made in order to 
put more emphasis on the use of the six arithmetical operations. It <~ . o had the 
effect of simplifying die game: if place value were allowed die number of possible 
solutions would be vasdy increased A classroom teacher will of course revise these 
basic rules in any appropriate way to fit the curriculum. We would appreciate heaiinj 
about such revisions. 



6D. This decision preserves a certain symmetry, all operations are binary and all 
solutions have the form: digit operation digit ... operation digit 

6E. The structure of ths game necessitates an explicit symbol for exponentiation. (If 
no such symbol were used, the game would be much more complex because 
exponentiation would be available aroitrarily often). An explicit symbol for 
exponentiation is used in other contexts - for example, in computer programming. 

6F. See 6D. Notice also that the game encourages players to investigate roots with 

fiactional or negative indices. Although such an investigation is not puivued in most 
textbooks, it can be mathematically fruitful. All the properties of the root 
operation follow from its definition as an inverse of star operation: 

A& = C if and only if C*A = B, 
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7. Inexperienced players frequently assume that winning can be achieved simply by 
finding t aotatiott eg simply by finding a very lengthy complicated solution. 
Mane experienced payers understand that because of the challenge structure 
winning can be achieved only by knowing mom about what solutions are possible 
than tte other players know. 

8 . This rule has the effect that if there are more than two players, the attention of eve 
player is concentrated on the mat almost all the time: if a move can be correctly 
challenged, a scoring advantage goes to the challenger. 

9 . The mover has trill responsibility for the game situation* Therefore when it is your 
turn, you need to be particularly carefui La deciding whether to challenge. 

10. Most students find it intuitively reasonable to challenge when they believe all 
solutions have been wiped out 

The second challenge - that a solution can b* v uilt right away - is less 
intuitively acceptable at first meeting. Its genesis lies in an earlier version 
of EQUATIONS, In this version a player could "go out 1 by completing a solution 
on his turn. This somewhat simpler game turned out to be unfair - a Goal- 
setter could usually win - and, worse, his winning strategy consisted of 
keeping the math trivial Therefore the rules were changed so that a player 
could win by challenging that a solution could be completed (rather than by 
actually completing one). 

The final challenge - that mover should have challenged instead - allows die 
g*ms to be a very effective teaching tooL A teacher playing a student (or 
students) can deliberately make moves that allow an interesting solution at the 
appropriate level to be built with one implayed resource* If the student challenges 
and wins, the teacher uses a somewhat more interesting solution and does the 
same thing in the next game. If the student moves instead of challenging, the 
teacher challenges the stud, nt for having missed the challenge, displays the 
solution, and in the next game again gives the student a chance to win by recognizing 
the existence of the same type of solution. 

The official game rules describe challenges in a way that may appear very 
different from that used here (although logically they are equivalent). The point 
of view in the official rules is shifted to the mover who is understood to be 
making certain claims each time he moves. A move that violates a claim is called 
a "flub" and a challenger asserts that mover has flubbed in one of three ways. 

The following [ *ge giver the usual presentation. 

11, 12, 13. The formal game rules introduce the notion of "burcten o' proof 1 , it being 
cast upon the players who assert the existence of a solution. 

1 3 A. A player who is correct and has joined a chaileng - is penalized in the scoring because 
he could correctly have challenged. See Remarks 1 and 8 alx)ve. 
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In the formal rules the word "force-out" is not used Instead the player states "that 
a solution can be built with one more cube..." The "force-out" use is more common 
in practice. 

Although the idea of the force-out complicates the game and sometimes seems 
difficult for students to understand, it is a necessary feature of EQUATIONS. Its 
purpose is to keep the game fair. It ./ould be completely unfair to force a player 
to make a move that can be correctly challenged Thus we introduce an exception 
to the mle that a player who allows a solution right away should be challenged He 
should be challenged only if he had another move that did not wipe out all solutions 
and did not allow a solution right away. 



Sample Game to go with the Informal EQUATIONS RULES 

Dwight and John sit down to play EQUATIONS. 

They take out four cubes of each color and the playing mat. 

John rolls out the cubes and sorts them. The resources are: 
+-Xr0i234589 
+ f 1 3 

John puts the 9 cube on the Goal line. 

Dwight plays a - to Forbidden. 
John plays a - to Required 
The playing mat looks like this: 



Resources 










3 4 5 3 


Forbidden 


Peraicced 


Required 


9 




Co a 1 



Dwight is trying to keep the game simple. He has wiped out every Solution that 
contains two division signs. 

John is trying to make the game more complex. He has wiped out every solution 
that docs not contain a minus sign. He has also begun to work toward solutions 
that do contain a minus sign. 
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6, Before Dwighfs move some complicated solutions using two division signs were 
possible (far example, 8 + (3 t 3) i 1)* After DwigWs move, a solution may 
contain at most one division sign* Some possible solutions are 8 + 1 and 
8 + (3 - 3>. 

John's move wipes out both 8 + 1 and 8 - (3 ? 3) because neither contains a 
minus sign. After John's move every solution has to contain a minus sign. 

7,8,9,10,11,12* Dwight challenges John that his move has wiped out all solutions. 
Dwight cannot find any solution that contains a minus* John has to write a solution 
to win. John writes 

3x(4-l). 

Of course he has to put in parentheses because 3x4-1 is not equal to 9. 
Dwight checks that John has used the resources properly and that his solution 
is equal to the GoaL John wins and Dwight loses* 

Second Sample Game to go with Informal EQUATIONS Rules 

Cindi, Dwight and John are playing* 
The resources are: + - x r 0 1 2 3 4 
+ - x f 0 1 2 

Dwight sets a Goal of 4. 

Players take turns until the mat looks like this: 



Resources 


x 2 




Forbidden 


Permitted ; 


Required 


+ - x 4- 0 1 


? 3 




+ - r 0 1 






U 


Solution 


Goal 



1 4. It is John's turn* If he plays into Forbidden he will wipe out the one remaining 
solution: 2x2* Instead he plays the times sign into Required Cindi says* 
"Force-Out". All three players write the solution 2x2 and the game ends in a tie. 
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14a* The resources arc: + • x f 0 1 2 3 4 

+ - x * 0 1 2 



The goal is 4. The players have permitted - and required 0, 1, 2, + and - 
(just like example 2). The next player puts a + into Required The mat looks 
like this: 



Resources 


- x 0 12 


3 








X 




Forbidden 


Permitted 


Required 






012 + - + 


4 


Solution 


Goal 



John challenges that the mover should have challenged (instead of moving) because 
a Solution could have been built right away. John has to write a solution that could 
have been built He wins by writing 2 + 2 - 0 ? 1. Notice that John does not 
have to use the seond plus sign in Required 
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Summary of Adventure* is Rules 
Rules that are Functions 



I. Additive Inverse: AI(a) AI(0 - 1); AI(2/3) = -2/3 

1 Arithmetic Mean: AM(a,b,...) AM(5,9) = 7; AM(5,5,9) = 19/3 

3. Arithmetic Next AN(a,b) AN(1,5) = 9; AN(0,0-l/8) = -V4 

4. Arithmetic Term: AT(a,b,c) AT(1,3,5)= 13; AT(0,0- 2,6) = -10 

5. Base Ten Log: LT(a) LT(2x5) = l; LT(1) = 0; LT(7 + 3)*5) = 5 

6. Combinations: Cfob) C(5,3)*10; C(5,l) = 5; C(5,0) = 1; C(5,4) = 5 

7. Factorial: a! 5! -120; 3! =6; 1!=1 

8. General Log: aLb 2L8 = 3; 8L2 = 1/3; 2L(l/2) = -l 

9. General Rounding: R(a,b) R(8x3,5) = 24; R(0-2,3) = -3 

10. Geometric Mean: GM(a,b,...) GM(5,9) = 2 45; GM(2,3,1) = 3 6 

II. Geometric Nexc GN(a,b) GN(1,5) =* 25; GN(3,0 - 1/3) = 1/27 

12. Geometric Term: GT(a,b,c) GT(U,6)»32; GT(0,5,9) = 0 

13. Greatest Common Factor GCF(a,b) GCF(6,8)=2; GCF(7,1)=1; GCF(l/2,2) 
is undefined 

14. Greatest Integer [a] [5 + 9/5]=6; [0-l/2] = -l; [22] = 1 

15. Least Common Multiple: LCM(a,b) LCM(6,8) = 2* LCM(7,1)=7; LCM(l/2,2) 
is undefined 

16. Number of Factors: FA(a) FA(8) = 4; FA(7) = 2; FA(l/2) is undefined 

17. Percent: a% 5% » .05; 5%% » .0005 

18. Permutations: P(a,b) P(5,3)»60; P<5,1) = 5; P(5,0)»l; P(5,4)»120 

19. Rational Number RAT(a) RAT(3/7) = 1; RAT(0) = 1; RAT(2 2) = 0 

20. Reciprocal: RE(a) RE(0 - 1) = -1; RE(2/3) » 3/2 

21. Round to Multiple of Ten: RT(a) RT(6x8)»50; RT(0-!/2)*0; RT(5*4) = 630 

22. Round to Multiple of Power of Ten: RFT(a,b) RT(9*2,1) » 80; RT(2*9,3) = 1000 

23. Round to Whole: RW(a) RW(5+9/5) = 7; RW(0-l/2)*0; RW(2 2) = 1 

24. "Scientific" Notation: SN(a,b) SN(7,2) = 700; SN(3/2,0 - 3) - .0015 

25. Smallest Prime: PR(a) PR(8) * 1 1; PR(7) = 7; PR(l/2) = 2 

26. Solution of Linear Equation: SL(a,b,c) SL(2,2,3) = 1/2; SL(9,5,5) = 0 

27. Substitution in Linear Expression: V(a,b,c) V(2,2,3) = 7; V(9,5,5) = 50 

Goal Rules 

28. Base n (Base six ... Base eleven, Base twelve) 

Additional Resources: Base eleven: T,T; Base twelve: T,T,E,E 

29. Decimal Goal: (.) 1 + .5; 1.5; .15, but not: .50; 0.5; 1. or 01.5 

30. Goal Constrainc Prime Goal; Negative Goal; 0<Goal,l; Goal > 100; 
Non-Integer Goal 

31. Goal Pair (Goal Pair) Additional Resources: y,y,y*2, !i, II, = 

32. Identity Ruk: (Identity Rule) Additional Resources: y,y,y,y,y,y 2 

33. Interval God: (,) [.] [,) [2,5]; (12,34); [1,2); (2,5] 

34. Mixed Numeral Goal: (Mixed Numeral) 12/3; 12/4; but not 1 3/3 or 1 4/3 

35. Percent of Goal: (n%) 5%; 100% 

36. Repeating Decimal Goal: (. ) .3; .30; .03; .03 

37. Significant Figure: (Significant Figure) 
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38. Son of Interval Goal: (Son of fatervai Goal) 
Additional Resources: y,y,y* , II, <» £ <• < 

39. Substitution Rule: (Substitution Rule) Additional Resources: y,y,y : 

40. Unique Goil: (Unique Goal) Additional Resources: y,y,y* 2 = 

Other Rules 

41. Extra Minus Signs: (-) 

42. Extra Division Signs: (-) 

43. Extra Exponentiation Signs: (*) 



APPENDIX A: List of Suggested Adventurous Rules 

Rules that Involve Functions 
Format of Rules 

Name of Rule: Symbols that indicate the function and its argument(s) and a description. 
A significant attribute of the function (sometimes) 
Example(s) of function 

Domain of die function (types of numbers that variables range over) 
Comments) (sometimes) 

Additive Inverse; AI(a) indicates the additive inverse of a. 
So, AI(a)=*-a 

Examples: AI(0- 1)= 1; AI(2/3) = -2/3. 
Domain: a can be any real number. 

Arithmetic Mean: AM(a,b,...,z) indicates the arithmetic mean of the set of arguments. 
So, AM(a,b,...,z) = (a + b +...+ z)/n where z is the nth argument 
Examples: AM(5,9) = 7 because (5 + 9)/2 = 7; AM(5,5,9) = 19/3; 
AM(0,l/2,l,2A) = 3/4. 

Domain: a and b and ...z car. be any real numbers* 

Arithmetic Next: AN(a,b) indicates the next term in the arithmetic sequence beginning 
a,b* 

So, AN(a,b) = b + common difference. 

Examples: AN(1,5) * 9 because 9 is die next term in the arithmetic sequence that 
begins with 1,5; AN(0.0- 1/8) =-1/4. 
Domain: a and b can be any real numbers. 

Arithnrttic Tom: AT(a,b,c) indicates the cth term of the arithmetic sequence with first term 
a and common difference b. 

Examples: AT(1,3,5) = 13 because 13 is the 5th term in the arithmetic sequence 
1, 4, 7, 10, 13; AT(0,0 - 2,6) = -10. 

Domain: c must be a natural number, a and b can be any real numbers. 

Base Ten Log: LT(a) indicates the logarithym of a to the base ten. 
So, LT(a) = LogjQa, which equals c if and only if 10*c « a. 

Examples: LT(2 x 5) = 1 because 10*1 = 10; LT(1) = 0; LT((7 + 3)*5) = 5. 
Domain: a can be any positive real number. 
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Combinations: Q$£i indicates the number of combinations of a thinzs taken b at a time, 
So^CC^-tllKfbMxb!}. 

Examples: Q53)»5H(2!\ 30*10; C(5,l)»5; C(5,0) = l; C(5,4) = 5. 
Domain: aisanatundnumber. b is a non-negative integer. 

Factorial: a! indicates a factorial. So, a!»ax(a-l)x (a - 2) x...x 3 x 2 x 1, except that 
0!*1. 

Examples: 5! =5 x4 x3 x 2x 1 = 120; 3!=6; 1! = 1. 
Domain: a can be any non-negative integer. 

Fractional Pan: FP(a) indicates the non-integer pan of a. So, FP(a) = a - [a] (sec 
Greatest Integer below). 

Examples: FP(5 + 9/5) » 4/5; FP(0 - 3/4) = 1/4; FP(5)=0. 
Domain: a can be any real number. 

Suggests Adventurous Rules 

General Log: bLa indicates the logazithym of a to the base b. 
So, bLa * Logfea, which equals c if and only if b*c =* a. 

Examples: 2L8» 3 because 2*3= f. 8L2 * 1/3; 2L(l/2)»-l. 

Domain: a can be any positive number except L b can be any positive number. 

General Rounding: R(a,b) indicates a rounded to the nearest multiple of b. If two 
multiples of bare equally near, round up. 

Examples: R(8 x 3,5)* 25 because 25 is the multiple of 5 that is nearest to 24; 
R(0-2.3)=*-3. 

Domain: a can be any real number. 

Comment: b should be restricted to integers when this rule is first introduced Later, 
the domain of b can be extended to all real numbers. (For example, the multiples of 
1/2 are 0, 1/2, -1/2, 1, -1, 3/2, -3/2, 2, -2, 5/2, etc.) 

Geometric Mean: GM(a,b,...) indicates the geometric mean of the set of arguments. 
So, GM(a,b,...,z) - n (axbx..jcz) where z is the nth argument 
Examples: GM(5,9) * 2; (5 x 9) * 2 45; GM(2,3,1) = 3 6. 
Domain: a and b and ... can be any non-negative numbers. 

Geometric Next: GN(a,b) indicates the next term in die geometric sequence beginning a,b. 
Examples: GN(1,5) * 25 because 25 is the next term in the geometric sequence that 
begins with 1, 5; GN(3.0 - 1/3) » 1/27; GN(0,b) » GN(a,0) = 0. 
Domain: a and b can be any rean numbers. 

Geometric Term: GT(a,b,c) indicates the cth term of the geometric sequence with first 
term a and common ration b. 

Examples: GT(1 ,2,6) » 32 because 32 is the 6th term in the geometric sequence 

1,2,4,8,16,32; GT(0,5,9)=0; GT(4,3,3) = 36. 

Domain: c must be a natural number, a and b can be any real numbers. 
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Greatest Common Factor GCF(a,b) indicates the greatest common factor of a and b. 
Examples: GCF(36,48) » 12 becau: 1 12 is a factor of both 36 and 48, and no number 
greater than 12 is a fiwtor of both; GCF(6,8)»2; GCF(7,1) = 1; G€F(l/2,2) 
is undefined. 

Domain: a and b must be natural numbers* 

Greatest Integer [a] indicates the greatest integer less than or equal to a. 

Examples: [5 + 9/5] * 6 because 5 + 9/5 = 6*8 and 6 is the greatest integer that is less 
than or equal to 6*8; [0-l/2]=-l; [2 2] =4. 
Domain: a can be any real number* 

Least Common Multiple: LCM(a,b) indicates the least common multiple of a and b. 
Examples: LCM(6,8) = 24 because 24 is a multiple of both 6 and 8 and no number 
less than 24 is a multiple of both; LCM(7,1) = 7; LCM( 1/2,2) is undefined 
Domain: a and b must be natural numbers* 

Number of Factors: FA(a) indicates the number of positive factors of a* 

Examples: FA(12) = 6 because the set of positive factors of 12 is { 1,2,3,4,6,12}; 
FA(7)»2; FA(l/2) is undefined 
Domain: a must be a natural number* 

Percent: a% indicates the percentage that a is of 101 
So, a% * a/100. 

Examples: 5% = 5/100 = .05; 5%% = (5/100)/100 = .0005. 
Domain: a can be any real number. 

Permutations: P(a,b) indicates the number of permutations a things taken b at a time. 
So, P(a,b) = a!/(a-b)!. 

Examples: P(5 f 3) = 5!/(5 - 3)! = 60; P(5,l)«5; P(5,0)=*l; P(5,4) = 120. 
Domain: a is a natural number, b is a non-negative integer. 

Rational Number RAT(a) indicates whether or not a is rational. 
RAlYa) s 1 if a is rational; 0 if a is irrational. 

Examples: RAT(3/7) = 1 because 3/7 is rational; RAT(0) = 1; RAT(2 2) = 0. 
Domain: a can be any real number. 

Reciprocal: RH(a) indicates the rciprocal of a. 
So,RE(a)« 1/a. 

Examples: RE(0 - 1) = -1; Re(2/3) » 3/2. 
Domain: a is a no zero real number. 

Round to Multiple of Power of 10? RPT(a,b) indicates a rounded to the nearest number 
that is a multiple of the bth power of 10. If two such numbers are equally near, round 
up. 

Examples: RPT(9*2,1) = 80 because 80 is the multiple of 10 that is nearest to 9*2; 
RPT(2*9,3) = 1000 because 1000 is the multiple of 10*3 that is nearest to 2*9 (which 
is 512). 

Domain: a can be any real number, b should be restricted to non-negative integers 
when the rule is first introduced. Later, the domain of b can be extended to all 
integers. 
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Round to Multiple of Tea: RT(a) indicates a fouoded to the nearest muitipie of 10. If two 
such multiples are equally near, round up. 

Examples: RT(6 x 8) » 50 because 50 is the multiple of 10 that is nearest to 6 x 8; 
RT(0-l/2)-0; RT(5*4)»630; RT(1 • 4*2) »-10. 
Domain: a can be any real number. 

Comment: The teache* can generalize this rule* For example, RC(a) might b a 
rounded to the nearest multiple of 100; RTE(a) might be a rounded to the nearest 
tenth, etc* 

Round to Whole: RW(a) indicates a rounded to the nearest whole number. If two whole 
numbers are equally near to a, round up. 

Examples: RW(5 «* 9/5) * 7 because 5 + 9/5 = 6.8 and 7 is the nearest whole number 
to 6.8; RW(0 - 1/2) - 0; RW(2 2) = 1. 
Domain: a can be any real number. 

"Scientific" Notation: SN(a,b) indicates a generalization of true scientific notation. 
By definition, SN(a,b) »ax 10*b. 
Examples: SN(7,2) » 7 x 10*2 = 700; SN(3/2,0 - 3) « .0015; 
SN(2 2,1/2)- 2 20. 

Domain: In this generalization of true scientific notation, a and fr can be any real 
numbers. True scientific notation results if the domains of a and b are restricted so 
that 1 £ a < 10 and b is an integer. 

Smallest Prime: PR(a) indicates the smallest prime greater than or equal to a. 
Examples: PR(8) = \ 1 because 1 1 is the smallest prime number greater than or 
equal to 8; PR(7) = 7; PR(l/2) = 2. 
Domain: a can be any real number. 

Solution of Linear Equation: SL(a,b,c) indicates the solution of the equation: ay + b = c. 
Examples: SL(2,4,3) » -1/2 because 2y + 4*3 when ya -1/2; SL(9,5,5) * 0. 
Domain: a can be any non-zero real number, b and c can be any real numbers. 

Substitution in Lines* Expression: V(a,b,c) indicates the value of ay + b when y = c. 
Examples: V(2,J,4) = 1 1 because 2y + 3 = 1 1 when y = 4; V(9,5,5) = 50. 
Domain: a,b, and c can be any real numbers. 

Goal Rules 

The indicators for Goal rules may be written in either the Goal Obligation(s) area of the 
Goal Modifiers) area of the Augmented Playing Mat, or in both, except when specified 
otherwise in the particular Goal Rule. 

Basen: [ ] n indicates Base it 

£ ^six» I Jsevcn»" M £ ^twelve indicates Base six, Base seven,..., Base twelve. 

The Goal is interpreted as a base n numeral where n can be 6 or 7 or... or 1 1 or 12. The 

value of n is specified in the Goal Obligation(s) or Goal Modifiers) section. Two-digit 

numerals are permitted in the Solution. Solutions are interpreted in the same base as the 

Goal. 
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Suggested Additional Resources: If nis eleven: T, T. If a is twelve: T, T, E, E 
T stands for ten and "E" stands for eleven. 

Examples: In Base twelve, if the Goal is lT^^, some possible solutions ar:: 

[20- 2 Welve; t 10 + ^twelve^ E 1£ - ^twelve- 
If Base six is the only Goal Modifier and the Goal is 17, then the Goal roust be interpreted 
in Base ten. A Goal of [17] six isnotokay. 

Decimal Goal (.): One or more decimal points may be used in setting or modifying the 
Goal when a decimal point is written in the Goal Obligation(s) area or in the Goal 
Modifiers) area, respectively. Note, however, if the deletion of a decimal point or a zero 
does not change the value of the Goal, then the Goal is not okay. Superfluous decimal 
points or zeros are not alo wed 

If a decimal point is written in the Goal Obligation(s) section, the Goal setter may use one 
or more decimal points and must use at least one decimal point in the Goal. If a decimal 
point is written in the Goal Modifiers) section, a Solution writer may write one or more 
decimal points in the Goal expression where desired as shown in the examples below. 

Examples: 

If a decimal point is written in the Goal Obligation(s) area, and the numerals 1,2,4 are 
available in the Resources, the following would be okay Goals: . 142; 1.42; or 14.2, 
however, 142 would not be okay because it docs not contain the required decimal point 
Expressions like 142, an? never okay Goals because their value would be unchanged if the 
decimal point were deleted 
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Description of a Training Workshop for 
The Instructional Gaming Program 



The following schedule outlines a two-day workshop that is a highly successful way 
to train a pilot group of teachers to use the EQUATIONS game as a regular part of the 
curriculum. The workshop uses 3-4 demonstration classes to give teachers the chance to 
see the program work with their own students. The schedule also includes extensive time 
for the teachers to meet together so they can practice the game themselves, discuss 
classroom tournaneat methods and learn ways to incorporate the usual curriculum 
objectives into the gaming sessions. 



To get the benefit of working with several demonstration classes, it is important that all 
teacb^ involved in the workshop are released from teaching duties for the full two days. 
The demonstration classes should be selected from among a few of the teacher's regular 
classes. When teachers from several buildings are involved it is usually advisable to try to 
have at least one demonstration class in each building. It is not necessary for every teacher 
in the workshop to have one of her own classes selected as a demonstration class. Clearly, 
those who do will have a slight head start with their students, but the repetition built into 
the two days gives most teachers the experience and confidence needed to get the program 
started with their own classes. This single two-day workshop could be used to train a 
group of 15 or more teachers. 



MORNING 

Period 1 
(45-60 rnxn.)* 

Period 2 
(45-6) min.)* 

Period 3 
(45-60 min.)* 



Schedule of Two-Dav Workshop 
DAY1 



Introduce EQUATIONS rules to 
demonstration class #1 

Introduce EQUATIONS rules to 
demonstration class #2 

Introduce EQUATIONS rul*s to 
demonstration class #3 



DAY 2 



Classroom tournament with 
demonstration class #1 

Classroom tournament with 
demonstration class #2 

Classroom tournament with 
demonstration class #3 



♦Classroom sessions at the Jr. High level should be a normal class period (hopefully at least 45 
minutes). Sessions at the elementary level should be at least 60 minutes long, and as long as 75 
minutes with very young or slow students. 
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LUNCH 
AFTERNOON 



(2-3 hours) TEACHER'S MEETING: review game 
rules, practice playing, offici- 
ating and discuss classroom method; 
and tournament structure* Teachers 
with demonstration classes must 
organize their classes into teams 
and tournament tables for Day 2 
sessions* 



TEACHER'S MEETING: Go 
ttsults of tournaments, review 
scoring methods and news- 
letters, discuss advanced 
EQUATIONS rules and other 
methods for implementing 
specific curriculum objectives 
with EQUATIONS, 
demonstrate the DIG Math 
Computer program (if included 
in pilot)* 



Selecting Perennial; Grade Level and Coordination 

The most appropriate level for the training workshop is grades 6-8* If elementary 
teachers are to be trained, grades 4-5 would be best The instructional Gaming Program 
can be successfully extended to grades four through high schooL 

The district should select at least one or two people in the pilot group who will be able 
to expand the program once they gain enough experience. An administrative cooidinator 
or designated r source person (without extensive teaching duties) should be the primary 
coordinator of the program for the district. The WFFN PROOF consultant will remain in 
regular contact with .the coordinator to guide the expansion of the program and handle 
questions from the teachers as they arise. 

Training teachers to use a completely new basis for a curriculum naturally involves 
more than a twocay workshop. The WFFN PROOF consultant will be available through 
regular phone contact to provide needed support and guidance. Where feasible, it is useful 
to plan a second one-day session with the consultant and teachers approximately six weeks 
after the initial implementation. By this time, the teachers' classes should be about ready to 
start using advanced scoring methods and game rules that focus the gaming activity on 
speci'dc curriculum objectives. 

The DIG Math Computer Program 

The DIG Math Computer program is a valuable tool for training teachers and 
accelerating the use of advanced math concepts by students in classroom tournaments. 
However, the computer is supplementary and certainly not necessary to have a successful 
EQUATIONS program. The EQUATIONS board games and classroom tournaments 
remain the most cost effective way to real all students. 

Cost of a Training Program 

The cost of the initial two-day workshop depends on the number of classrooms 
outfitted with games, whether the computer program is used, and the distance travelled by 
the WFFN PROOF consultant. 
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MATERIALS COST: EQUATIONS fames 



To outfit a classroom for a tournament, one game is needed for every three students in 
the class. Assuming an average class size of 30 students, this means that each classroom 
set requires 10 games. The retail price of an EQUATIONS game is $12.00. School 
purchasing twelve or more games will receive a 10% discount on retail price. 

Cost per classroom outfitted: 10 EQUATIONS games x $10.80/game = $108.00 per 
class. 

NOTE: A complete classroom set of 10 EQUATIONS games may be shared between 
several teachers on different days within the same buildiiig. If teachers from different 
buildings are involved in the training, the district should plan to outfit each building with a 
minimum of one complete classroom set It is best for each teacher to have one complete 
classroom set 



CONSULTING COST 

The standard cost for consulting is $150.00 per day spent in the district plus 
reimbursement for travel and lodging expenses. All efforts will be made to select the least 
expensive travel methods and lodging. 

EXAMPLES 



#1 I classroom outfitted 

District driving distance from 
Detroit area 

Materials: lx $108.00 =$108 

Consulting: 2 days @ $150/day = $300 

Driving: .15/mUe (600 nnrnd trip) =$90 

Lodging: motel, 2 nights =$60 



TOTAL 



$558 



#2 3 classrooms outfitted 

District in New York Metro area 



Materials: 3 x $108.00 =$324 

Consulting: 2x$150 =$300 

Travel: airfare-Detroit/NY =$160 

Lodging: motel, 2 nights = $ 80 



TOTAL 



$864 



NOTE: For additional cost of DIG Math Computer program see DIG Math Pricing 
Information sheet. 
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EVALUATION 



PURPOSE 

The evaluation of the MSU Honors Teacher Workshop 1987 has several purposes. It 

aims: 

1. to detect the participant teachers* perception of their classroom teaching before and 
after the workshop; 

2. to detect relationship and patterns in the participant teachers' confidence in solving, 
confidence in teaching and level of performance in twenty tasks related to the mathematical 
content presented by the five MGMP instructional units, both before and after the workshop; 

3. to detect the participant teachers 1 perception of the workshop itself. 

INSTRUMENTATION 

Questionnaires were given to 24 participating teachers in the first and last 45 minute 
sessions of the workshop. In order to assure respondent anonimity, but still allow for 
pre-post matching of answers, each teacher assumed a pseudo-name that was systematically 
used on each questionnaire. 

1. Questions on teachers' perception of their classroom teaching. 

This questionnaire was similar to the one that was used for the first Honors Teacher 
Workshop. (Friedlander, 1985). The teachers were presented with a list of mathematical 
topics and teaching strategies. The curriculum topics included arithmetic, number theory, 
geometry, spatial visualization, probability, measurement, algebra, use of calculators and 
computers and history of mathematics. The teaching styles and strategies included using drill 
and practice, short problems, and complex problems or projects; whole class instruction, 
group work, seat work (same assignment for all) and individualized work; posing 
open-ended challenges, gathering and organizing student responses and encouraging analysis 
and generalization; using concrete manipulatives, worksheets and games. The teachers were 
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asked at the beginning of the workshop about their own frequency in teaching/using the 
above topics and strategies and at the end about their planned frequency in teaching/using 
them in their classes. The answer options varied on a 5-levei scale from "very frequcndy" to 
"never" and were later graded accordingly from 5 to 1. 

A complete version of the post workshop questions is presented in Appendix A. 

Since this instrument can detect only planned change in teaching but not change in 
practice, we administered another questionnaire: The Middle Grades Mathematics Project 
Teaching Style Inventory, to the teachers at the beginning of the workshop and a similar 
Student Inventory to their students at the beginning of the school year 1987-1988 (see 
Appendix D). At the end of the school year we will administer the questionnaires again. 
This will help us to detect practical changes in teaching style. Reports on these findings will 
be prepared and published elsewhere. 

2. Questions on twenty MGMP unit related tasks. 

This questionnaire which was identical to the one that was used at the first Honors 
Teacher Workshop was adopted from an evaluation study of a summer workshop for junior 
high mathematics teachers in Israel (The Weizmann Institute, Rehovot) and was originally 
designed by Fresko and Ben Haim (1984). The questionnaire (Appendix B) presents the 
teachers with four mathematical problems for each one of the five MGMP instructional units: 
Factors and Multiples (number theory), The Mouse and The Elephant (area and volume 
growth), Probability, Similarity and Spatial Visualization. For each one of the 20 problems 
the teachers were asked (i) to grade his/her confidence in solving the item on a four-level 
scale varying from "I am positive that I can solve it" to "I am not familiar at all with the topic" 
(graded from 4 to 1); (2) to grade his/her confidence in teaching the item on a three-level 
scale varying from "I am certain that I could teach it" to "I am not confident that I could teach 
it" (graded from 3 to 1); and finally (3) to actually solve the items (graded 0/1 for wrong/right 
solution). 

The teachers were presented with the same twenty problems before and after the 
workshop. 

3. Questions on teac hers 1 perceptions of the_workshQP . 

The participant teachers' evaluation of the workshop was determined by their post 
workshop reactions to the question "did the workshop adequately deal with tne topic for your 
purposes?" for each one of the curriculum topics and teaching strategies from the part on 
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teachers 1 perception of their classroom teaching. The answer ' prions, again, varied on a 
5-level scale from "definitely yes" to "definitely no" and were later graded accordingly from 
5 to L 

A complete version of the questions is presented in Appendix A. 

MAIN FINDI NGS AND DISCUSSIONS 

Graphical representations of means are used in this section to describe patterns in the 
participant data gathered before the workshop, and to detect changes that can be attributed to 
the influence of the workshop. Complete tables of means and standard deviations may be 
found in Appendix C Correlation, and t-test analyses were also occasionally employed to 
further clarify the data. 

The findings are organized in three parts in respect to the three purposes of the 
evaluation. The first pan relates to the participants 1 perception of their own teaching 
repertoire. The second relates to the twenty MGMP unit related mathematical tasks. The 
third part includes the particpants' perception of the workshop's contribution, 

L Tithing rgpertQire; Mathematical t opics and teaching strategies 

a) Content* The distribution of different mathematical topics in the teachers' pre 
workshop class curriculum and the effects of the workshop on their planned curriculum with 
regard to the use of drill and practice, short problems, and complex problems or projects is 
presented in Figure 1. The arrow extends from the pre to the post score. 

Table CI (in Appendix C) shows means and standard deviations of teaching 
distribution. The results indicate that spatial visualization, statistics and probability were 
taught less frequently than the other topics. Their teaching frequencies were between 
"seldom" and "sometimes' 1 . However, as a result of the workshop, the teachers plan a large 
increase in the teaching of these topics. The planned teaching frequencies of these topics, as 
well as the others, are more than "frequendy". This planned change can be attributed to the 
influence of the workshop since spatial visualization, statistics and probability are among the 
subjects that were dealt with extensively in the workshop. Measurement, number theory and 
geometry were also dealt with extensively but had only moderate planned change in teaching 
frequency, perhaps because their pre workshop frequency was higher. 



191 




5 - Very Frequently 
U - Frequently 
3 - Sometimes 
2 - Seldom 
I - Never 
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Figure 1. Teaching and planned teaching frequency 



b) Strategies. A strong influence on teaching styles and strategies recommended in 
the workshop may be observed from Figure 1. Before the workshop, the frequencies of 
using drill and practice, and complex problems or projects were about the same, both a little 
bit less than the use of simple problems. After the workshop the participants plan to use 
much less drill and practice and much more complex problems or projects in each one of the 
mathematical topics. 




The graph presented in Figure 2 indicates the frequency of use of different teaching 
styles and strategies before and after the workshop. Workshop's influence on planned 
changes in recommended teacMng styles and strategies may be observed in the graph. 
Participant mean scores, standard deviations, and results of t-tests for pre-post workshop 
differences of teachers 1 reaction to teaching frequency with regard to teaching strategies may 
be found in Table C.2 (Appendix Q. 
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Figure 2. Frequency of using (1 ) dnll and practice exercises, (2) short 
word problems, (3) projects, (4) group work, (5) individualized 
work, (6) seatwork, (7) whole class instruction, (8) concrete 
manipulates, (9) games, (10) worksheets, (11) open challenges, 
(12) generalizations and (13) organizing itudent responses before 
and after the workshop. 



The participants plan to increase the use of (3) complex projects and the use of (2) 
short problems in teaching and to decrease the us*, of (1) drill and practice. The most 
substantial planned changes are in the use of complex projects and drill and practice, but all 
three planned changes are statistically significant 
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They also plan to increase the use of (4) group work in class and to decrease the use of 
(6) seatwork and (7) whoie class instruction* They do not plan to make any changes in the 
frequency of using (5) individualized work. 

The participant teachers plan to increase the use of (8) concrete manipulatives and (9) 
games in their classes. They do not plan to make changes in the frequency of using(lO) 
worksheets* 

They also plan to increase the use of (11) open-ended challenges, (13) organizing 
student responses and (12) encouraging generalizations. 

c) Miscellaneous. The participants plan to increase the use of calculators as a means 
for solving complex problems. This fits the trend for increased use of complex projects 
indicated earlier. For a complete summary of teachers responses to teaching frequency with 
regard to different uses of calculators, computers and history of mathematics, see Table C.3 
(Appendix Q. 

2. The twenty MOM? mathematical tasks. 

About half of the workshop was dedicated to the five MGMP units: Factors and 
Multiples, Mouse and Elephant, Probability, Similarity, and Spatial Visualization. 
Therefore, the participants' level of performance on related mathen* itical problems, their 
confidence in solving, and teaching them are of particular interest A complete list of 
participant scores and an item analysis may be found in Tables C.4 and C.5 (Appendix C). 

All three group averages increased after the workshop. These results are presented in 
Table 1. 
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Table i - Participant mean score* and results of Masts for pro-post 
workshop differences 





Mean Scores 
Pre Pott 


t 

value 


D.F. 


P< 


Level of 
oerformanceW 


14.35 16.83 
(72%) (84%) 


4.97 


22 


0.001 


Confidence 
in solving^) 


3.72 3.94 


4.96 


22 


0.001 


Confidence 
in teaching^) 


Z66 2.84 


2.79 


22 


0.05 



(1 ) 20 problems on a scale of 0/1 for wrong/right 

(2) on a scale of 1 to 4 

(3) on a scale of 1 to 3 



Relationships among level of performance, confidence in solving and confidence in 
teaching the twenty MGMP questions both before and after the workshop are presented in 
Table 2. 



Table 2 - Pearson correlation coefficients among level of performance, 
confidence in solving and confidence in teaenmg on the twenty 
MGMP questions 





Conf. in 


Conf. in 


lev*l of 


Conf. in 


Conf. in 


Level of 




solving 


teaching 


performance 


solving 


teaching 


performance 




pre(1) 


pre(2) 


pre(3) 


pOSt(4) 


post(5) 


p_t<6) 


(2) 


'0.72 












(3) 


# 0.32 


0.09 










(4) 


'0.21 


*0.48 


0.06 








(5) 


0.20 


# 0.44 


*0.5S 


0.37 






(6) 


0.23 


0.36 


# 0.63 


0.29 


# 0.64 





* Significant at » 0.05 



Interesting relationships may be indicated from the correlation coefficients at 0.05 
significance leveL For example, before the workshop, there was a significant linear 
relationship between confidence in solving and confidence in teaching (i.e., teachers who' 
were more confident that they can solve a problem were also more confident that they can 
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teach it, and vice vena). But after the workshop, this relationship could not be indicated 
This might be because the teachers realized that being able to solve a problem is not sufficient 
to being able to teach it to others. Another interesting finding is that no significant linear 
relationship between confidence in solving and actual ability to solve could be detected before 
or after the workshop. 

The twenty MGMP mathematical tasks included four tasks for each one of the five 
MGMP units. Anal) sis of the relationships among participants 1 level of performance, 
confidence in Solving, and confidence in teaching before and after the workshop, for each 
one of the units may clarify the results. Mean scores, standard deviations and results of 
t-tests for pre-post workshop differences of teachers 1 reaction and performance on the five 
MGMP unit problems are presented in Table C6 (Appendix Q. 

Graphical representations of these means are presented in Figure 3. 
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Figure 3. Pre-Post Workshop differences of teachers' level 

of performance, confidence in solving and confidence 
in teaching on the five MGMP unit problems. 



196 



The weakest topic before the workshop was probability (an average level cf 
performance of 52%). The strongest topic was similarity (91%). The most significant 
change in level of solving the problems also occurred in probability (post average of 88%), 
while in similarity and spatial visualization there was not any significant change. 
(Performance on similarity was high before the workshop - 91%, and remained low on 
spatial visualization even after the workshop - 67%). Although the teachers- were pretty 
confident in their ability of solving problems in eacn one of the topics before the workshop, 
there was a statistically significant improvement in their confidence in each one of the topics. 

The teachers were also confident in their ability to teach the problems in each of the 
topics but spatial visualization, before the workshop. It is interesting to note that even 
though they scored very low on probability tasks they were confident in their ability to teach 
them. After the workshop this was corrected by their huge improvement in actual solving 
probability tasks. At the same time their performance on spatial visualization tasks was not 
improved at all during the workshop and remained low, but their confidence in teaching these 
tasfcs, which was appropriately low, became too high. Their confidence in solving these 
tasks was also improved. Figure 3 indicates a general tendency to overestimate one's own 
ability to solve the problems. 

3. Teacher perception of the workshop 

The teachers had high expectations (between 4 and 5 on a scale of 5) from the 
workshop with regard to the following teaching strategies: use of complex problems or 
projects, group work, use of concrete manipulatives, games, open-ended challenges, 
organizing student responses, and encouraging generalizations. (For a detailed list see Table 
C.7, Appendix Q. These are exacdy the teaching strategies that were considered important 
by the workshop organizers and were emphasized during the workshop. 

The workshop evaluation, as may be found in Tables C.7 and C.8 was very positive. 
The teachers rated * ,;y high the workshop's treatment of the use of different teaching 
suategies as well of the different topics. 
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SUMMARY 



The 1987 Honors Teacher Workshop, as the prr aous one in 1984 (Friedlander, 
1985), was considered to be successful by its participants* The 1987 HTW was especially 
successful in causing a growth in the planned frequency in teaching spatial visualization, 
statistics and probability - topics that according to the participants own reports had been 
neglected in their curriculum. The workshop was also successful in causing a growth in the 
planned use of teaching strategies that were emphasized throughout the workshop: 
presenting to students complex projects, gathering and organizing student responses, posing 
open challenges, encouraging generalizations, group work^ use of mathematical games and 
of manipulates. The teachers also planned to decrease 'he use of strategies that were 
de-emphasized throughout the workshop: drill and practice, seat work and whole jlass 
instruction* 

All these plans are the first stage in making a change in teacher ! s behavior. Their 
classroom implementation will be the subject of a follow-up evaluation. 

The workshop dealt extensively with the five MGMP units: Factors and Multiples 
(number theo.^), Mouse and Elephant (perimeter, area and volume relationships), 
Probability, Smiliarity and Spatial Visualization, The teachers 1 performance on probability 
improved enormously. They have already mastered the similarity tasks before the 
workshop, but did not improve their low performance on spatial visualization. The teachers 
reported on growth in their confidence to solve and to teach probability and spatial 
visualization after the worksnop. 

In general, the teachers had high expectations from the workshop and seemed to be 
very satisfied at the end. 
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Honors Teacher Workshop Evaluation j 

pseudoname 



Indicate, by writing the appropriate number and letter in the boxes beside each question, to what extent 
you feel confident that you could sflivfijhe problem and teacllihe problem to middle school students. (You are 
not asked to solve the problem.) v 

Confidence in solving Confidence j n teachinf 

1. I am positive that I can solve it (A) I am certain that I could teach it 

2. I am somewhat certain that I can solve it (B) I am somewhat certain I could teach it 

3. I don't think I can solve it • the topic is not (C) I am not confident that I could teach it 
familiar. 

4. Iam not familiar at aU with the topic. 



Question 


Solving 


Teaching 


1. 


□ 


□ 


2. 


□ 


□ 


3. 


□ 


□ 


4. 


□ 


□ 


5. 


□ 


□ 


6. 


□ 


□ 


7. 


□ 


□ 


8. 


□ 


□ 


9. 


□ 


□ 


10. 


□ 


□ 


11. 


□ 


□ 


12. 


□ 


□ 


13. 


□ 


□ 


14. 


□ 


□ 


15. 


□ 


□ 


16. 


□ 


□ 


17. 


□ 


□ 


18. 


□ 


□ 


19. 


□ 


□ 


20. 


□ 


□ 
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TWENTY MATHEMATICS PROBLEMS 



1 . A set of blocks can be separated into 6 equal piles. It can also be separated imo 15 equal 
piles. Whit is the smallest number of blocks that could be in the set? 

2. Here are the 4 different rectangles that cover 6 squares on a grid 

ABC C 

1 FH Fffl fTTTTTl 



How many different rectangles can be made which would vover exactly 30 squares on a 
grid? 

3. 3 is the grestest common divisor of 15 and another number. What i3 the other number? 

4. What is the smallest prime number which is larger than 200? 

5. What is the perimeter of this rectangle? 



6. A rectangular field with an area of 240 square units has one edge of 20 units. What is 
the length of the other edge? 

7. What is the surface area of a cube with an edge of 10? 

8. You have a melon in your garden that is 3 inches across and weighs 3 ounces. If it 
grows to be 6 inches across, how much would it weigh? 

9. What is the probability of getting a sum of 12 when two dice are thrown? 

10. If the spinner shown is to be spun twice, what is the probability of getting red-red? 




1 1. Two bills are drawn randomly from a bag containing a five dollar bill and 3 one dollar 
bills. If the experiment is repeated many times, what would you expect the average 
amount of money drawn per time to be? 
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12. What is the probability that a family of three children will have 2 giris and I boy? 

13. Joan estimates the height of a flagpole by using a miiTor. 

Distances 

to eye level 5 ft. 
Joan to mirror 2 ft. 
Mirror to pole 10 ft. 

How tall is the pole? 

14. If the lengths of the sides of a triangle are each multiplied by 3, hw much larger is the 
area of the new triangle? 

15. These triangles are similar 






Find the missing length. ? 
16. Mark which of the following rectangles is similar to a 10 x 15 rectangle? 



L0 



6 

(A) 



(B) 



r 

(O 



5 

(D) 



10 
(E) 



17. Mark the RIGHT VIEW. You are given a picture of a building drawn from thi 
FRONT-RIGHT comer. Find the RIGHT VIEW. 




B 



fl r, 
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18. The number on each square indicates the number of cubes placed on that sauare Mark 
the view from the FRONT-LEFT comer. 




19. Mark another view of the first building. 




20. What is the maximum number of cubes that could be used to build a building that has t.ie 
given isometric drawing as a comer view? 
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APPENDIX C 



TablcCl 



Mean scores* and standard deviations of teaching 
and planned teaching frequency 



Arithmetic 



1 Number Theory 



Geometry 
DSP 



Spatial Visualization 
DSP 



3.46 3.92 3.71 
(1.10) (0.72) (0.75) 

2.08 3-56 4.19 
(0.72) (1.04) (0.76) 



3.25 3.75 3.29 
(1.11) (0.85) (0.86) 

2.12 3.69 4.44 
(0.74) (0.88) (OJO) 



3.12 3.88 3.67 

(1.15) (0.85) (1.01) 

2.00 3.81 435 

(0.60) (0.84) (0.56) 



2.29 2.62 2;;8 
(0.81) (0.92) (0.S7) 

1.79 3.65 4.23 
(0.72) (0.78) (0.^6; 





Sum tic* 


| Probability 


Measurement 


Algebra 




DSP 


i D S P 


! D S P 

i 


DSP 


Teaching 
Frequency 


2.38 2.75 233 
(0.92) (0.90) '0.96) 


j 2.54 192 2.42 
I (1.14) (0.97) (0.97) 


i 

I 3.25 3.58 3.12 
• (0.90) (0.83) (1.03) 


330 3.75 3.33 
(1.02) (0.94) (1.43) 


Planned 

Teaching 

Frequency 


2.09 3.72 4.28 
(0.61) (0.89) (0.75) 


1.96 4.06 4.56 
, (0.69) (0.76) (0.50) 


! 235 3.90 4.44 
| (0.93) (0.62) (0.58) 

I I 


143 3.98 4.10 
(0.79) (0.76) (0.7C) 



D - Drill and Practice 

S-Shon Problems 

P - Complex Problems or Projects 

•On a scale from 1 to 5 
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Mean scores, standard deviations and results of t- tests 
for pre-post workshop differences of teachers' reaction 
to teaching frequency with regard to teaching strategies 





Dtil 
and 

Pncoce 


Short 
Word 
Problems 


Complex 
Projects 


Whole 
Class 

Instruction 


Group 
Work 


Seat 
Work 


Iixfividiaiiaed 
Work 


Frequency 
in teaching 


195 
(1.10) 


3.40 
(0.99) 


3.03 
(1.14) 


4.46 
(0.51) 


3.58 
(1.02) 


4.04 
(0.86) 


3.12 
(0.61) 


Plumed 

frequency 
in teaching 


2.10 
(0.74) 


3.79 
(0.84) 


4.32 
(0.66) 


3.75 
(0.74) 


4.29 
(0.62) 


3.08 
(0.88) 


3.04 
(0.75) 


t-vthxe 


-10.29 


3.75 


11.08 


-4.04 


3.63 


-5.17 


-0.44 


P< 


0.001 


0.001 


0.001 


0.001 


0.01 


0.001 


N.S. 




Concrete 

Mam- 

puianvei 


Work- 
sheets 


Games 


Open 
ended 
Challenges 


Orgsnung 

Student 

Responses 


Encouragin 
Genersiizafi 


Frequency 
in teaching 


3.46 
(0.93) 


3.58 
(0.78) 


3.42 
(0.88) 


3.50 
(1-06) 




3.38 
(1.06) 


3.79 
(0.98) 


Planned 
frequency 
in teaching 


4.71 
(0.46) 


3.83 
(0.76) 


4.29 
(0.69) 


4.50 
(0.59) 




4.33 
(0.56) 


4.50 
(0.51) 


[-value 


3.18 


1.49 


Z98 


5.54 




6.49 


3.20 


P< 


0.01 


N.S. 


0.01 


0.001 




0.001 


0.01 



Tabic C.3 



Mean scores* and standard deviations from teaching 
frequency 





Checking 
Answers 


CALCULATORS 

Computational 
Aid 


Complex 
Problems 


HISTORY OF MATHEMATICS 


Frequency 


3.25 


3.42 


3.88 


2.5 


in using 


(1.19) 


(1.14) 


(0.95) 


(1.20) 


Planned 


3.88 


4.38 


4.71 


3.5 


frequency 


(1.15) 


(0.71) 


(0.46) 


(1.19) 


musing 











COMPUTERS 





Drill 


Simulations 


Problem 
Solving 


Programming 


Programming 
for problem 
solving 


Frequency 


1.78 


2.00 


2.00 


1.71 


1.83 


in using 


(0.95) 


(1.21) 


(1.24) 


(1.20) 


(1.34) 


Planned 


2.22 


2.83 


2.83 


129 


2.42 


frequency 


(0.95) 


(1.17) 


(1-17) 


(1.23) 


(1.35) 


in using 













* on a scale from 1 to 5 
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Table C.4 



Individual scores on the Twenty Mathematical Problem:! 







Ers 


Post 


1. 


Bailey 


19 


18 


2. 


Brenda 


16 


19 


3. 


Captain 


no pre-test 


9 


4. 


Deu 


11 


17 


5. 


Dennis Jay 


17 


18 


6. 


Flash 


16 


18 


7. 


Flore tta M. 


17 


16 


8. 


Garrus 


13 


16 


9. 


Hobbes 


17 


19 


10. 


Jane Doe 


14 


17 


11. 


Lady Jane 


16 


16 


12. 


Mae 


16 


19 


13. 


Melson David 


15 


17 


14. 


Michelle 


7 


15 


15. 


Michelle J. 


16 


15 


16. 


Mint 


10 


11 


17. 


Mohonrimoriancimur 


17 


18 


18. 


Nola 


11 


15 


19. 


Nolte 


15 


19 


20. 


Rosalyn 


15 


19 


21. 


Roy Johnson 


16 


18 


22. 


Sam Jones 


11 


16 


23. 


Wayne Gretzki 


9 


15 


24. 


Winchester 


16 


15 
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Table C.5 

Distribution of errors on Twenty Mathematical Problems 



Number of Errors 
Pre Post 



2 
8 
2 
8 
1 
2 
2 
17 
3 
6 
17 
17 



3 
5 
5 
5 
21 



1 
3 
1 
9 
0 
1 
3 

10 
1 

2 
8 
4 
C 
0 
0 

1 
1 

3 
5 
24 
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Table C6 

Mean scores and results of t-tests for pre-post 
workshop differences of teachers 1 reaction and 
performance on Twenty Mathematical Problems 



Level of performance (in percent*) 
Mean scores 



1 


(s.<L) 

Pre 


Post 


lvalue 


P< 


Factor* and Multis* a 
(Problems 1-4) 


78% 

(0.41) 


87% 
(034) 


2.15 


0.05 


Mouse and Elephant 
(Problems 5*8) 


76% 

(0.43) 


84% 
(037) 


3.22 


0.01 


Probability 
(Problems 9*12) 


52% 
(0.50) 


88% 
(033) 


5.74 


0.001 


Similarity 
(Problems 13*16) 


91% 
(0.28) 


98% 
(0.15) 


1.66 


N.S. 


Spatial Visualization 
(Problems 17*20) 


61% 
(0.49) 


67% 
(0.47) 


1.82 


N.S, 




Confidence in Solving (on a scale from 1 to 4) 






Mem Scores 
(s.d.) 

Pre 


Post 


lvalue 


P< 


Factors and Multiples 
(Problems 14) 


3.84 
(037) 


3.99 
(0.27) 


3.42 


0.01 


Mouse and Elephant 
(Problems 5-8) 


3.85 
(0.44) 


3.96 
(0.20) 


3.15 


0.01 


Probability 
(Problems 9*12) 


3.56 
(0.58) 


3.90 
(030) 


3.94 


0.001 


Similarity 
(Problems 13*16) 


3.85 
(0.46) 


4.0 
(0.00) 


2.26 


0.005 


Spatial Visualization 
(Problems 17*20) 


, 3.47 
j (0.70) 


3.87 
(034) 


2.40 


0.05 



Table C.6 Continued 





Confidence in Teaching (on a scale from 1 to 3) 






Mean scores 
(s.d.) 

Pre 


Post 


t value 


P< 


Factors tnd Multiples 
(Problems 1-4) 


2.87 
(0.54) 


2.86 
(035) 


1.57 


N.S. 


Mouse and Elephant 
(Problems 5-S) 


187 
(0.40) 


2.86 
(035) 


1.17 


N.S. 


Probability 
(Problems 9-12) 


2.63 
(0.61) 


2.83 
(038) 


2.18 


0.05 


Similarity 
(Problems 13-16) 


182 
(0.53) 


2.91 
(0.28) 


1.54 


N.S. 


Spatial Visualization 
(Problems 17-20) 


2.13 
(0.88) 


2.72 
(0.54) 


3.57 


0.01 



Table C7 



Mean scores* and standard deviations of workshop 
perception with regard to teaching strategies 





Ml Short 
yd Word 
Practice Problems 


Complex Whole 
Projects Class 

Instruction 


Group 
Work 


Seat 
Work 


Expectations 
to deal with 
in workshop t 


3.20 3.92 
(129) (1.01) 


4.33 3.25 
(0.73) (136) 


4.25 
(0.74) 


3.25 
(U9) 


Evaluation of 
how the 
workshop dealt 
with 


4.06 4.62 
(1.11) (0.71) 


4.70 4.67 
(0.71) (0.64) 


4.96 
(0.20) 


4.46 
(0.72) 




Individualized 
Work 


Concrete 
Manipulative! 


Work- 
sheets 


Games 


PxpadHiflni 
to deal with 
in workshop 


3.92 
(1.06) 


4.67 
(0.56) 


3.29 
(1.20) 


4.50 
(0.59) 


Evaluation of 
how the 
workshop dealt 
with 


4.46 

/A T)\ 

(0.7Z) 


4.92 

/A A% \ 

(0.41) 


4.79 
(0J9) 


4.88 
(0.54) 




Open-ended 
Challenges 


Organizing 

Student 

Responses 


Encouraging 
Generalizations 


Expectations 
to deal with 
in workshop 


4.75 
(0.61) 


4.33 
(0.76) 


4.54 
(0.59) 




Evaluation of 
how the 


4.96 
(0.20) 


5.00 
(0.00) 


5.00 
(0.00) 





workshop dealt 
with 

* on t. scale from I to 5 
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Mean scores* and standard deviations of workshop evaluation 
with regard to mathematical topics 



Arithmetic Number Theory Geometry 



D 


S 


C 


D 


S 


C 


D 


S 


C 


4.00 
(1.06) 


4.62 
(0.58) 


4.79 
(0.41) 


4.17 
(1.05) 


4.71 
(0.46) 


4.83 
(0.64) 


4.22 
(1.04) 


4.79 
(0.41) 


4.83 
(0.64) 



Spatial Visualization 


Statistics 






Probability 






D S 


C 


D 


s 


C 


D 


s 


C 


4.29 4.88 


4.96 


4.08 


4.62 


4.67 


433 


4.96 


5.00 


(1.04) (0.34) 


(0.20) 


(1-14) 


(0.77) 


(0.76) 


(1.05) 


(0.20) 


(0.00) 



Measurement 


Algebra 


D S 


C 


D 


s 


C 


3.92 4.33 
(1.14) (0.92) 


4.50 
(0.78) 


3.46 
(1.28) 


4.00 
(1.13) 


4.00 
(1.13) 



D - Drill arid practice 
S - Short problems 
? - Complex problems 



on a scale from 1 to 5 



MIDDLE GRADES MATHEMATICS PROJECT 
Teaching Style Inventory — Summer, 1987 



school 



FAST X CLAMSKXM PW OCZD O H E3 



'1mm ctrr^k the point within each of the following ecales which wott 
accurately describee four aath class, (it you ere teaching aath for the first 
tU» or your pteeent situation la wary different from pmloui run, pitut 
respond as you anticipate your clui will bo like this year. ) PImm respond 
according to ahat actually happens, not what you think should happen, or what 
you would m& to hewe happan. There ara no right or wrong answer*. Haass 
ir all tha quaatlooa. 



1. Alsost all halp la initiated by students asking for It. 



Alaoat all halp is inltlatad by my saalng tha need for It. 



2. *ien ttudanta have trouble, t ask thee leading questions. 



«r*m students have troubla* X tap lain how- to do It. 



3. Alaoat always aany diffarant activities ara go ,r>j on 
simultaneously during ec*h class. 



Alamt all tha t.jaa tha atudanta ara all engaged in the 
mm activity during a*th class. 



4. in class, studenta fraquantly work together on asalgnaants. 1 

2 

3 

4 

Students soldo* work together on asslgnsemts in class. 5 



erJc 
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studying * \m\t 9 students spend mm tuw) 
verting in Mil groups to vol** a big problem. 



MKm studying « mth unit, students will not: Km working 
in Mil group* to solve * big problem. 



I encourage students to solve a given Mth problem the 
vcjr Z have deaonetrated. 



I encourage students to solve Mth problems in a variety 
of 



I prm at * Mth concept first tnen illustrate that 
concept by worfclng mtrtl problems (deductive). 



I pumit the class with * nriM of similar pro© learn, 
£*tea torythtr we develop concepts and methods of 
solving the problems (inductive). 



certain topics *r* rapaa ts d (but In more depth) on a 
regular basis throughout tl» year. 



once a topic Is covered, that same topic Is not covered 
again emcept during reviews. 



I teach a nee topic, I J^end a good deal of the tla 
(l/») trying to teach students to eaa similarities 
aed differences botvemn new and previously learned 



Maw topics are general ly taught Kith limited reference 
to previously learned eatn ideas. 



rtm furniture arrangeeent it the tame for every eath 



The furniture arrangeeent veriee according to the lesson. 
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II. Z» w mth class I eephaslxe the bauic cogitation*! 
mill three/fourths of the ttm* or sore. 



X* as/ sath elat« X MpMilu concept devilopaant three/ 
fourth* of Utt tUaa or worm. 



12. r celdoa chd*f my approach throughout the itwittr 
(such &* lecture -Slacuaelon, discovery, etc. ). 



t chant* sr epproech frequently ( froa discovery to 

direct tali In* or froa another aethod to sosathint, 
different) throughout tha i n 



13. Onserstandlng why m given rult or procedure gives the 
comet answer in iaportant. 



Understand ln$ tha rule or procadura If not critical. 



U. Alseet all my quart long in aath clait can bo answered 
with yes, no, or a mafcer. 



Alaoat all my questions in aath clan raqulra tha student! 
to give applanations. 



15. In ay class, I give different asftgneents to studantf with 
different ability levels. 



In my class, I give tha fees asilgnaant to all 9tudants. 



14. I usually usa • gaaa, story, or challenging problem to 
provide a contest for a new aath unit. 



I usually do not usa a gaaa. itory, or challenging problem 
to provide • context for • new aath unit. 
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17. I iMiaally etart a new nath unit by giving «snplte and 
ahowln* atudanta how to work thoa. 



I do not uiuillr ftart a now oath unit by giving txa^let 
and ahowlng atuoants how to worfc thaa. 



w« zx fflnmsizs 

^llwr fra^yontZy do you uaa ths 
ttratao in jour claaaaa? 



if. Viola claaa Inatruction 

19. Stela claaa diacuaaion 

Z3. Poaing opan-anoad ch*ll«n*aa 



21. <*teharina, *nd organizing 

t trt o nt raaponaaa 

22. Encouraging anrtlyaiy and 

gawaraiuation 



23. Assigning hcamork 

24. oiacuating hs— work 

29. Caing concrata nanlpuUtlvaa 

2«. oatac ganaa 

27. Srillfi 

29-. Story protolojo 

29. Non-routine pro&lana 



4J 

c 
o 

> <r 

u V 
4) U 

> Cm 







9 














>♦ 


a 








-4 


s 




4J 


u 


0 


1 


C 




•o 






a 




u 


3 


0 




Cm 


<r 


V) 


V) 



u 
o 

> 

2 



□ 
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MOT XIX tSaOCZX ofuacw 



Salact tha appropriata 

A * Aim 

» » tenh«t ||r M 

C m iMdacidad 

D * Soaawhat dlM(m 

S » Dlaaara* 



cholca for aach tUfatnt. 
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— I aa an affactiv* aathaaatlca taachar. 
3l ' 1 doing aathanatica. 



32. 



_»tr baaic function am a aath tueh«r <m +~ 

of -th to th. .tuo,„t."r. d Tr£t " 



iv ajaytrno* 



33. A. of today, i ha*a nudant. that ar. diaciplin. P robl«. 



3<. I aaaitn aath *o rt to ba dona at horn about 



tUMa a 



35. mink of your avarag* *tudant. whan you aaka a hrm *_L„i . 
•PPromlaat.iy vhat parcantaga ofTE ^^\t,^^* 

coaplatad in data by aoat atudanta. 

, batun in claaa but finiahad at hoaa. 

dona antiraly at hoaa. 

1001 



34 . t£tan 
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37. students haw difficulty so Wing ttorjr problews. 

Briefly HsrrlTis tav you help your students solve story problems, 
(^■ylti I nave pupils MM drawings or diagram* to help clarify 
turn ptt*u». ) 



3S. M of today, X h*»e students that 4m chronically absent. 



39. «mq students etio have bMn absent return to class, what do you 
do to catch the* up? 



40. Ust the Kinds of mmnipulativas or educational equipment that 
you uee. 



41. sow fr eq uently and for tfiat puxpoeee do you uee them? 



42. flow do your students use calculators and computers? 



43. How eany years (including this year) have you taught aath to 
6-S grade students? 

years 



44. asm eany years ( including this year) have you taught? 
ytaars 



45. mem suny hours of college credit in ip*th have you completed 
(including math methods course)? 

. sessteter hours 

(quarter) tare hours 
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